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Abstract 

We prove the overholonomicity of overconvergent F-isocrystals over smooth varieties. This implies that the no- 
tions of overholonomicity and devissability in overconvergent F-isocrystals are equivalent. Then the overholonomic- 
ity is stable under tensor products. So, the overholonomicity gives a p-adic cohomology stable under Grothendieck's 
cohomological operations. 
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Introduction 

Let V be a complete discrete valuation ring of characteristic 0, with perfect residue field k of characteristic p > and 
fractions field K. In order to define a good category of p-adic coefficients over fc-varieties (i.e., separated schemes 
of finite type over Specfc) stable under cohomological operations, Berthelot introduced the notion of arithmetic D- 
modules and their cohomological operations (see |Ber90], |Ber02], |Ber96b|, |Ber00]). These arithmetic ©-modules 
over fc-varieties correspond to an arithmetic analogue of the classical theory of ©-modules over complex varieties. 
Also, he defined holonomic F-complexes of arithmetic ©-modules and conjectured its stability under the following 
Grothendieck's five operations: direct images (to be precise, morphisms should be proper at the level of formal V- 
schemes), extraordinary direct images, inverse images, extraordinary inverse images, tensor products (see |Ber02 
5.3.6]). We checked that the conjecture on the stability of holonomicity under inverse images implies the others ones 
(see llCar05all ). 

In order to avoid these conjectures and to get a category of F-complexes of arithmetic CD-modules which satisfies 
these stability conditions, the first step was to introduced the notion of overcoherence as follows: a coherent F-complex 
of arithmetic ©-modules is overcoherent (in fact, the 'F', i.e. the Frobenius structure, is not necessary) if its coherence 
is stable under extraordinary inverse image (see [Car04] for the definition and [Car07d| for this characterization). We 
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checked that this notion of overcoherence is stable under extraordinary inverse image, direct image (by a proper 
morphism at the level of formal V-schemes) and local cohomological functors. This stability allows for instance to 
define canonically overcoherent arithmetic D-modules over ^-varieties (otherwise, we work on formal V-schemes). 
To improve the stability properties, we defined the category of overholonomic F-complexes over ^-varieties which 
is, roughly speaking, the smallest subcategory of overcoherent F-complexes such that it is moreover stable by dual 
functors (more precisely, see the definition [Car05a, 3.1]). We got the stability of overholonomicity by direct images, 
extraordinary direct images, extraordinary inverse images and inverse images. Moreover, it is already known that this 
category of p-adic coefficients is not zero since it contains unit-root overconvergent F-isocrystals (see |Car05a|) and in 
particular the constant coefficient associated to a fc-variety (i.e., which gives for example the corresponding Weil's zeta 
functions). Because an overholonomic arithmetic F-'D-module is holonomic (which is not obvious), these gave new 
examples of holonomicity. This was checked by descent of the overholonomicity property (this descent is technically 
possible thanks to its stability) using de Jong's desingularization theorem. Now, it remains to check the stability of 
overholonomicity by (internal or external) tensor products. 

The second step was to construct an equivalence between the category of overconvergent F-isocrystal over a 
smooth fc-variety Y (which is the category of p-adic coefficients associated to Berthelot's rigid cohomology: see 
BLS07II ) and the category of overcoherent F-isocrystals on Y, where this last one is a subcategory of arithmetic F- 
CD-modules over Y (see [Car06a] and |Car07b] for the general case). Next, we got from this equivalence the notion 
of F-complexes of arithmetic D-modules devissable in overconvergent F-isocrystals. We proved first that overholo- 
nomic (see [Car06a|) and next overcoherent (see [Car07b]) F-complexes of arithmetic ©-modules are devissable in 
overcoherent F-isocrystals. Since overcoherent F-isocrystals are stable under tensor products, we established that 
F-complexes devissable in overcoherent F-isocrystals are also stable under tensor products (see [Car07c|). 

The third step is to prove that the notions of overcoherence, overholonomicity and devissability in overconver- 
gent F-isocrystals are identical. With what we have proved in the first and second steps, the equality between the 
overholonomicity and the devissability in overconvergent F-isocrystals implies that the overholonomicity is stable 
under Grothendieck's aforesaid five cohomological operations and is wide enough since it contains overconvergent 
F-isocrystals on smooth ^-varieties. Also, for this purpose, it is enough to prove the overholonomicity of overcon- 
vergent F-isocrystals on smooth ^-varieties. Fortunately, Kedlaya has just checked that Shiho's semistable reduction 
conjecture is exact, i.e., that given an overconvergent F-isocrystal on a smooth fe-variety, one can pull back along 
a suitable generically finite cover to obtain an isocrystal which extends, with logarithmic singularities and nilpotent 
residues, to some complete variety (see BKedal , HKedbl , (Kedc| and at last [KeddQ. Kedlaya's semistable reduction 
theorem gives us a very important tool since we come down by descent (indeed overholonomicity behaves well by 
proper generically etale descent thanks to its stability by extraordinary inverse images and direct images) to study the 
case of the overconvergent F-isocrystals which extend with logarithmic singularities and nilpotent residues to some 
complete variety. We began this study in [Car07a|. We proceed in this article and check the overholonomicity of these 
log-extendable overconvergent F-isocrystals, which finish the check of our third step. The technical key point of this 
overholonomicity is a comparison theorem between relative logarithmic rigid cohomology and rigid cohomology and 
above all, in a more general essential context, the fact that both cohomologies are not so different. This fundamental 
key point was checked by the second author and the fact that this implies the overholonomicity of log-extendable 
overconvergent F-isocrystals was checked by the first one. 

Now, let us describe the contents. Let g : X — > T be a smooth morphism of smooth formal V-schemes, relative 
dimension pure of d, let Z be a relatively strict normal crossing divisor of X over T, let y be a complement of Z in 
X, let D be a closed subscheme of X and U the complement of D in X. Let X* = (X, Z) be the logarithmic formal 
V-scheme with the logarithmic structure associated to Z and u : X # — > X be the canonical morphism. 

In the first chapter, we compare logarithmic rigid cohomology and rigid cohomology with overconvergent coef- 
ficients in the relative situations. Let £ be a log-isocrystal on U # /Tk overconvergent along D (see the definition in 
11.1.0.2b . Suppose that, along each irreducible component of Z which is not included in D, (a) none of differences of 
exponents is a p-adic Liouville number and (b') any exponent is neither a /j-adic Liouville number nor a positive in- 
teger. Then the natural comparison map %** (./'f^£# /Tjf ®/j/0]x[ E ^ ^S^Uynu^XK/iK ®jl m G] X [ ^™ E ) is 
an isomorphism (see l 1.1. it . Let us consider the case where g has a section which is identified with Z such that Z <f_ D. 
If one assumes (a) above and (b) none of exponents is a p-adic Liouville number, then the difference is given by the 
complex which consists of overconvergent log-isocrystals on the divisor fsee ll . 1 .4t . In the second section we develop 
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a notion of quasi-coherence in formal log-schemes, which was studied by Berthelot in the case of formal schemes 
(see [Ber02|), and cohomological operators such as direct images and extraordinary inverse images by morphisms of 
smooth formal V-log-schemes. Furthermore, we translate this comparison in the language of arithmetic ©-modules in 
the third section. 

In the second chapter, we recall in the first section Kedlaya's semistable reduction theorem. Let £ be a coher- 
ent ^-module which is a locally projective O^.Q-module of finite type which satisfies the conditions (a) and (b') 

above. Then, using the comparison theorem of the first chapter, we check that the canonical morphism u + (£) — > £ (tZ) 
is an isomorphism (see !2.2.9l i. This implies that the canonical morphism q ®o x q £ — > ^x/t q q ^(^) 

is a quasi-isomorphism (see 12.2. 12t . In the third section, we prove that if (c) none of elements of Exp(£) gr (the 
group generated by all exponents of £) is a p-adic Liouville number, then «+(£) is overholonomic, which implies 
that £(^Z) (the isocrystal on Y overconvergent along Z associated to £) is overholonomic. The principal reason why 
we need to replace the conditions (a) and (b') by the condition (c) is because we need here something stable under 
duality and because the log-relative duality isomorphism is of the form (see [Car07a, 5.25.2] and |Car07a] 5.22]): 
H>x om + (£) — ► m + (£ v (— Z)), where "D^" means the dual as q -module and "V" is the dual as a convergent 
log-isocrystal (e.g., even if £ is a convergent log-F-isocrystal, then unfortunately £ v (— Z) have positive exponents). 
Hence, using Kedlaya's semistable reduction theorem, we obtain by descent the overholonomicity of overconvergent 
F-isocrystals on smooth ^-varieties. Thus, the notion of overholonomicity, overcoherence and devissability in over- 
convergent F-isocrystals are the same. Also, the overholonomicity behaves as good as the holonomicity in the classical 
theory. Finally, we extend some results of [Car06b|. More precisely, let X be a smooth separated formal V-scheme 
of dimension 1, Z a divisor of X, y := X\ T and £ a complex of F -D^ oh (T>' x (^ : Z)q) . Then, firstly £ is holonomic 
if and only if £ is overholonomic. Secondly, if the restriction of £ on y is a holonomic F-Dy ^-module, then £ is a 

holonomic F-D^ Q-module. Both results should be true in higher dimensions but are still conjectures. Besides, this 
second conjecture implies the first one and is the strongest Berthelot's conjecture on the stability of holonomicity (see 
BBer02] 5.3.6.D]). 

Notation. Let V be a complete valuation ring of characteristic 0, k its residue field of characteristic p > 0, K its 
fractions field with a multiplicative valuation |-|, S := SpfV. From the section [L2l we assume furthermore that K is 
discrete, K is a uniformizer and the residue field k is perfect. We also fix o : V — » V a lifting of the ath power Frobenius. 

If X — > T is a morphism of smooth formal schemes over § and if Z is a relatively strict normal crossing divisor of 
X over T, we denote by X = (X, Z) the smooth log-formal V-scheme whose underlying smooth formal V-scheme is 
X and whose logarithmic structure is the canonical one induced by Z. To indicate the corresponding special fibers, we 
use roman letters, e.g., X, Z and T are the special fibers of X, Z and T. Similarly, X # = (X,Z) means the canonical 
log-scheme induced by any smooth scheme X and any strict normal crossing divisor Z of X. We denote by dx or 
simply d the dimension of X. The subscript Q means that we have applied the functor — ®z Q. Modules over a 
noncommutative ring are left modules, unless otherwise indicated. 

Acknowledgment. Both authors heartily thank Mr. Horiba who supported the conference "p-adic aspects in Arith- 
metic Geometry, Tambara"(June, 2007), where we started this project. The first author thanks the University of Paris- 
Sud for his excellent working conditions and Hiroshima University for his nice hospitality in June, 2007. The second 
author expresses his appreciation for the hospitality of Department of Mathematics, Hiroshima University, where he 
has done this work. 

1 A comparison theorem between relative log-rigid cohomology and relative 
rigid cohomology 

1.1 Proof of the comparison theorem 

In this section we only suppose that K is a complete field of characteristic under the valuation |-| and the residue 
field k of the integer ring V is of characteristic p > 0. Let us fix several notation in rigid cohomology. For a formal 
V-scheme T of finite type, let 3V be the Raynaud generic fiber of CP which is a quasi-compact and quasi-separated rigid 
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analytic /T-space, sp : OV — * IP the specialization map, and ]T[y= sp _1 (r) the tube of a locally closed subscheme T 
in P = 7 Xspfv Spec k. For a morphism u : T — > Q, we denote by Kg : J 1 a: — * Qa: the morphism of rigid analytic spaces 
associated to u. Let X be a closed subscheme of P, Z a closed subscheme of X, and F the complement of Z in X. For 
any admissible open subset V c]X [y, we denote by ay : V —>]X [j> the canonical inclusion. Let A be a sheaf of rings on 
For an .A-module "K, let jyJC = limocy*(:H|y) denote the sheaf of sections of "K overconvergent along Z, where 

V 

V runs over all strict neighborhoods of }Y[y in ]X[y. The functor j\ is exact and the natural morphism % — > ./' F IK is 
an epimorphism ||Ber96al 2.1.3]. The sheaf CLr (IK) of sections of J£ whose supports are included in ]Z[j> is defined 
by the exact sequence 

— ►rjjjj — ► — ► j^J£ — > 0. (1.1.0.1) 

Then is an exact functor by the snake lemma MBer96al 2.1.6]. 

We will fix some notation: let g : X — > T be a smooth morphism of smooth formal schemes over S, relative 
dimension pure of d, let Z be a relatively strict normal crossing divisor of X over T, let y be a complement of Z in 
X, let D be a closed subscheme of X and it the complement of D in X. Let X = (X, Z) be the logarithmic formal 
V-scheme with the logarithmic structure associated to Z, and il # the restriction of X # on U. Let X K = (Xk, Zk) be the 
rigid analytic space endowed with the logarithmic structure associated to Zk and £2* # . the de Rham complex of 

logarithmic Kahler differential forms on X K . Then the underlying analytic space of X K is ]X[^= Xk and £1* # . = 

We recall the definition of logarithmic connection with the overconvergent condition ([Car07a, 4.2] and IKedal 
6.5.4]). Since the condition is local, we may suppose that X and T are affine and D is defined by / = in X for 
/ G r(X, Ox)- Let zi,Z2, ■ ■ ■ ,Zd are relatively local coordinates of X over T such that the irreducible component Z; 
of the relatively strict normal crossing divisor Z = U£_j Z, is defined by ti = 0. An integrable logarithmic connection 
V:E^> y'y£2^ # <S5 ; t | | E is overconvergent if there exist a strict neighborhood V of ]U[x in ]X[x and a locally free 

Oy-module £ furnished with an integrable logarithmic connection V : £ — > (£2' # . |y) (Sov £ such that jjj (£, V) = 

(E, V), which satisfies the following overconvergent condition : for any ^ £ |Zf x IqHJO, 1 [, there exists an affinoid strict 
neighborhood W C V of ] U [x in ]X [x such that 

1191(^)11^1^0 (as |nHoo) (1.1.0.2) 

for any section e G r(W,£). Here ||-|| is a Banach T(W, ]x[x )-norm on T(W,£), d #i = V(z / ^ 7 ) for 1 < / < 5, 

3i = V(£) for s+ 1 < i < d, and, \n\=n x + >~+n i ,n\=n l \-n d \ and 3^ = ^ (n*=i n"Lo 9*i - j)) • • • 3? 

for a multi-index « = («i, - - ,« f /). (£,V) is called a log-isocrystal on U # /7k overconvergent along D (simply denote 
by E and called an overconvergent log-isocrystal). 

Let (E, V) be a log-isocrystals on U # /7k overconvergent along D and let Z, be an irreducible component Z,- of 
Z which is not included in D. The eigenvalues of the residue of V along ZjK at the generic point of Zm is called 
"exponent" of E along Z, (for a definition of the residue, see for example |Keda 2.3.9]). This is related with the 
definition in [AB01 1 1, sect. 6]. Any exponent is contained in Z p bv ll. 1.0.21 

Let 3z be a sheaf of ideals of Z in X. Since 3z is invertible, 3z,Q is a coherent ^-module which is an invertible 
Ox,Q-module. Hence, Iz q = sp*3z,Q is a convergent isocrystal on X/K with logarithmic poles along Z. Let £ be a 
log-isocrystal on U # /7k overconvergent along D. For an integer m, we put 

E(mZ)=E®. 1]0]x[x jllir Q m . 

E(mZ) is an overconvergent log-isocrystal and the exponents of E(mZ) is the exponents of E minus m. Then there is 
a natural commutative diagram 

E E(mZ) 
=1 | (1.1.0.3) 
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for any nonnegative integer m. 

A p-adic integer a is a "p-adic Liouville number" if the radius of convergence of formal power series, either 
L«ez> .n^a x " / ( n ~ a ) or LnGZ> ,«^-a x "/( n + oc), is less than 1. Note that (1) a p-adic integer which is an algebraic 
number is not a p-adic Liouville number and (2) a p-adic integer a is a p-adic Liouville number if and only if so is 
—a (resp. a + m for any integer to). For p-adic Liouville numbers, we refer to |DGS94 VI, 1] and |BC92, 1.2]. 

Theorem 1.1.1. With the above notation, let E be a log-isocrystal on U /7k overconvergent along D. Suppose that 

(a) none of differences of exponents ofE is a p-adic Liouville number, and 

(b) none of exponents ofE is a p-adic Liouville number 

along each irreducible component Zi ofZ such that Z, <£_ D. Let c be a nonnegative integer defined by 
c = max{e | e is a positive integral exponent ofE along some irreducible component Zi ofZ such that Zi <f_ D} U {0} 
Then the diasram U. 1.0. 3\ induces an isomorphism 

Rg K ^ zk UI^ k/Tk ® ,t Q]x[x E) ~ E^Cone (j^^ 9^ E - 9 ^ [-1] 

(1.1.1.1) 

for any m > c. In particular, if none of exponents along each irreducible component Zi of Z such that Zi <f_ D is a 
positive integer, then the restriction induces an isomorphism 

RgK.Ul^/^ ®jl 0]x[x E) ^ RgK,Ulnu^ K/7K ®j U o nx imuE)- (l.U-2) 

Remarks 1.1.2. 1. In fact, we will see in 12.2.121 that the isomorphism II . 1 . PI remains true without the functor 
RgA>. But the first step towards this result is to establish 1 1.1. II 

2. Note that jy nu E is an isocrystal on Y D U /7k overconvergent along ZUD and the right handside of the isomor- 
phism in the theorem above is a relative rigid cohomology with respect to the closed immersion T — > T. It is 
independent of the choice of X which is smooth over T around U [CT03 sect. 10]. The left handside of 1 1 . 1 . 1 . LI 
in the theorem above is regarded as a relative logarithmic rigid cohomology. 

3. This type of comparison theorem between p-adic cohomology with logarithmic poles and rigid cohomology 
was stu died in llBT?94l 3.1], HTsu02bl 3.5.1], |[ShiQ2l 2.2.4 and 2.2.13] (see also the definition llShi02l 2.1.5]) and 
[BB04, A.l]. They suppose that 7 is locally free on the formal side or for [Shi02, 2.2.4 and 2.2.13] it concerns 
the absolute case. In the theorem above we relax this assumption and suppose that 7 is locally free only on the 
analytic side. 

4. One can also prove the comparison theorem in the case g is smooth around U replacing 11.1.71 and 1 1 . 1 . 1 71 (the 
weak fibration theorem) by the strong forms (the strong fibration theorem) with modifications. 

Remarks 1.1.3. For a log-isocrystal E on U # /7k overconvergent along D, we put a monoid Exp^) (resp. an abelian 
group Exp(£') gr ) which is generated by all exponents along irreducible components Z, of Z such that Z, ^ D. Exp(£) 
(resp. Exp(E) SI ) is included in Z p and does not depend on the choice of local coordinates. 

1. Let X # = (X, Z) and X' # — (X', Z') be smooth formal V-schemes with relatively strict normal crossing divisors 
over T, let as above, and let h : X' -> X be a morphism over 7 such that hr l (DUZ) C D' UZ'. 

Suppose that h induces a log-morphism : U' — * Then the inverse image h^E is a log-isocrystal on 

U' /7k overconvergent along D' because fig induces a log-morphism of rigid analytic spaces between suitable 
strict neighborhoods by our assumption. Suppose furthermore that none of elements in Exp(£') (resp. Exp(£ , ) gl ) 
is a p-adic Liouville number. Then the same holds for the inverse image hgE, Indeed, for a suitable choice 
of local coordiantes z, (1 < i < s) and zfj (1 < j < s') along normal crossing divisors Z and Z' of X and X' 
respectively, we have Zi = Uiz[ nHl ■ ■ ■Zy™' 1 ' locally at a generic point of Z' . Here Uj is a unit of Ojj/ and my 
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is a nonnegative integer. Since the residues of E with respect to Z,--, and Z/ 2 commute with each other by 
the integrability of the log-conenction and dn/Zi = L; m ijdz'j/z'j (mod£2^y T ), Exp (h K *E) is a submonoid of 
Exp(£). (See llABOn 6.2.5].) 

Even if Exp(i?) does not contained any positive integers, it might happen that some exponent of inverse im- 
age hgE is a positive integer. If we denote by Q>o the monoid consisting of nonnegative rational numbers, 
then Exp(£) n Q>o is finitely generated as a monoid. Hence, if one takes a sufficiently large integer m, 
then Exp(E (mZ)) does not contained any positive rational numbers and the same holds for any inverse im- 
age h K *E(mZ) as above. 

2. Let h # : X' # — > X # be a log-morphism such that h^ 1 (D) = D' and h~ l (Z) = Z' . Suppose that the underlying 
morphism h is finite etale. Note that local parameters of X becomes local parameters of X . Then, for a 
log-isocrystal E' on U' # /7k overconvergent along D', h Kli E' is a log-isocrystal on U # /7k overconvergent along 
D. Moreover, for an irreducible component Z, of Z such that Z, <£- D, the exponents of h Kjf E' Z[ coincide 
with the exponents of E' along /z~'(Z) (including multiplicities). In particular, Exp(h Kif E r ) = Exp^'). (See 
IIAB01I 6.5.4].) The first part easily follows from our geometrical situation and we have rankytQ^ h Ki[ E' = 

deg(/z)rank ; t E', where deg(/i) is the degree of the underlying morphism of h. The second part is a problem 

only along the generic point of Z/. We may assume that Z is irreducible and does not included in D. Let 
U^O]x\x^z b e a completion of localization of 7 Opf[ 2 along Zk- Then the ring of global sections of (j'Ojj^ ) z 
is isomorphic to AT(Z)[[z]], where z is a local coordinate of Z and K(Z) is the function field of Z, and the ring 
of global sections of (j^O^^ ) z is isomorphic to a direct sum of finite unramified extensions of K(Z) [[z]]. We 

may replace the residue field K(Z) of by its algebraic closure K(Z) since all exponents are contained 

in Z p and invariant under any automorphism of K(Z). Hence, the corresponding extension to (y^Oj^'j : )% is a 

direct sum of deg(h) copies of ,K(Z)[[z]]. Now our second assertion is clear. 



First we prove a special case. 

Proposition 1.1.4. Under the hypothesis in \l.l.l\ suppose that Z is irreducible such that Z (f_D, and that the composi- 
tion goi:Z~>7 of the closed immersion i : Z — > X and g : X — > 7 is an isomorphism. If we define T ' C\U =ZPiU through 
the isomorphism goi : Z — >• 7\ then g K *V : gK*{E(mZ)/E) — > gx-*(7j/OL ® ,t n E(mZ)/E) is a jl nu O]TW- 

homomorphism of locally free jj nu O^ T y-modules of finite type and the natural morphism U .1 .1 .2\ induces an isomor- 
phism 



E) 



gK*{E{mZ)/E) g ^g Kif {f v a\^ l7K ® ] l Q]xh E(mZ)/E) 



-1] (1.1.4.1) 



for any m>c in the derived category of complexes of jjnu^jTy 
of the terms of degree and degree 1. 



■modules. Here [A — > B] means a complex consisting 



We will see, in 11.1.211 the overconvergence of the induced Gauss-Manin connection on gK*(E(mZ)/E) in the 

relative case. An example such that the cokernel of gK*V '■ gK*(E(mZ)/E) — > gg*(jrrCiL# <8 t , n E(mZ)/E) is 

x K / Jk Ju u \x[ x 

not locally free is also given in ll. 1.221 



Proof. We divide the proof of ll.l.4l into 7 parts. 

0° Reduce to the case where none of exponents ofE along Z is a positive integer, thai is, c = 0. 

We shall prove that Wg K *{E(Z)/E) =0for ? ^0and the locally freeness of (£(£)/£). Since r\X\U) = 
Z\U as underlying topological spaces, i* K E{Z) — jznu®]z[z ®— 1 4 o ^R l E{Z) is a locally free jznu®]z[ z - mo dule 
and the adjoint gives an isomorphism iK*i* K E{Z) = E(Z)/E. Because i is a closed immersion, ig :]Z[z—>]X[x is an 
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affinoid morphism. Hence Rz^M = z'a"*M for any coherent 

f znu 0]z[ z -module M by r l (X\U) = Z\U 1CT031 

5.2.2]. Since g o z is an isomorphism, we have 

% K ^£(Z)/£)=%^(zV*^(Z))=%jf*Rto^(Z)=Kfeoz>,z|-£(Z) = feoi>»fc£(Z). 

and the two assertions above. Therefore, we show, for m > 0, WgK*{E(mZ)/E) = for g 7^ and gK*{E{mZ) / E) is 
a locally free y'^ n£ /0]7'[ T -module of finite type by induction on m. 
The commutative diagram l"! . 1 ,0.3l induces a triangle 

M^Cone (j^,^ 0p% £ - y t 2?(mZ)) [-1] 

+ 1/ \ 

for any m > 0. If we prove the vanishing Kg^Em Un^% /n- 8.t„ E) = for c = 0, then the triangle above 
induces the desired isomorphism. Hence, we may assume m = c = and we shall prove the vanishing. 

1° Local problem on X and U . 

By the Cech spectral sequences associated to a finite open covering {X,} of X (resp. a finite open covering 
{iXy} of each X, nil) HBer90l 4.1.3] MCT03I 8.3.3], the vanishing is local on X and U. Since the vanishing of 
RgK*E] 7 \ Uu^r* /t ® t n E) is trivial in the case where Z = 0, we may assume that X is affine, D is defined by 

a single equation / = in X for some / g T(X, Ox), and there are coordinates z of X over T such that Z is defined by 
z = in X. Indeed, it is enough to take a certain covering consisting of X \ Z and a covering Z. 

2° Reduction to the local case by rigid analytic geometry. 

Let us add some notation. Let us put ]U[xx= { x &)X[x | \f(x)\ > A,} (resp. ]F[^x = { x ^)X[x I > A,}, resp. 
}ZnU[ z , x = {x e]Z[ z I |/(jc)| > A}, resp. [Z]^ = {x e]Z[ x I | z (x)| < A}) for X g |tf x | Q n]0, 1 [, where f is the re- 
duction of / in r(Z, Oz)- We define }T <~MI[-jx = ]Zr\U[zx by the idetification through goi. Note that the set 
{]£^U,?i}/\.e|A" x | n]o,i[ forms a fundamental system of strict neighborhoods of ]U[x in ]X[%. Let ov : V —>]X[% denote 
the canonical morphism for admissible open sets V in ]X[%. 

Take v g \K X IqDJO, 1 [ such that there is a locally free 0]t/[ T v -module £ endowed with a logarithmic connection 
V : £ — > (ilLf , |im_ ) ®Oi m £ which satisfies the overconvergent condition fT. 1 .0.21 Hence, there exist a strictly 

increasing sequence i; = (£/) in |/T X qHJO, 1 [ with \i — > 1~ as / — > °o and an increasing sequence A, = (A./) in |Zf x |q n 
[v, 1 [ such that, for any 

||dM(«)||$?->0(asn->oo) (1.1.4.2) 

for any section e g Here 8 # = V(z^) and df = ±d' # . 

Let .A be a sheaf of rings on ]X[%. Let r| g \K X \qD]0, 1[. We define a functor LjL ^ between the category of 
.A-modules by the exact sequence 

— L] z[x . n m — M -M_a ]rb/ (J{| ]rb£ ; — (1.1.4.3) 

for any yi-module JC. Here the morphism 3~C — » lim a ]F[ X;l *(^|]F[ X; ,) is an epimorphism by the same reason of the 

epimorphism % — > y'yJC One can easily see that Ej^r r) (^)l]i'[ x ^ = an d E]z[ 2 ti * s an exac -t functor by the snake 
lemma. For Z, g \K X |q n [rj, 1 [, the restriction induces a morphism 

Lj z[x ^m^L] z[x ^) 

of .A-modules. By definition we have 
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Proposition 1.1.5. With the notation as above, the inductive system induces an isomorphism 

lim 



1. The functor T}„, commutes with filtered inductive limites. Also, for any A-module 'K, the natural morphism 



= 0. 



Proposition 1.1.6. Let X G |# x | Q n]0, 1 [. 
-t 

-Mse.ii 

is an isomorphism. Moreover, jJjT^^ ^ — Ejz[ x ^U- 

2. For any coherent 0]£/[ 2 ^-module an Y q > I we have R 9 a]j/[ x ^* r\( a ]U[ x x*^x)\]u[ 

Proof. (1) Since the morphism ttjy^ is quasi-compact and quasi-separated, we obtain from ll.l.4.3l the first assertion. 
By applying the functor Ctp^ x* a ]u[ x x tC> ^ e exac ^ se q uertce l 1 - 1 -4.31 we get the sequence 

— * a Wl x .x* (^]z[ x ^)\wk.x) — » "M^*^]"^) — » a Mz,x* ((^™ "iJW^Ili-bj) l]£/b.x) — » °. 

which is exact by the similar proof of [Ber 96al 2.1.3. (i)]. The quasi-compactness and quasi-separateness of tt]j/[~^ 
implies the assertions. 

(2) Because "K\ is a coherent 0]u[ x ^-module and both ]U[% x and ]T[3e„u are affinoid subdomains of the affinoid 



}X[ X , M q a ]uk ^CKx) = and R c/ a ]f/[ ^ I ( Um a ]y ^(^| ]rbe# )J | ]£% J = for 9 > 1 by Kiehl's Theorem B 

[Kie67 , 2.4]. These facts and the exactness of the sequence in the proof of (1) imply the vanishing of higher direct 
images. □ 

Since gK is an affinoid morphism, it is quasi-compact and M.gK* commutes with filtered inductive limits [Ber96a 
0.1.8]. Hence we have 

K *Az [x Ul^ V7K ® j>]x{x E) 



{jU^k ^ feiV .£)] 
lim WgK^n (ton oc ]£% ^ ((fl^ \ ]u[x% ) 8^ E\ P]x j) 

JmWgK^n (a ]u[x ^ ((V xV7k \]u{ xx ) ®o ]ulxx £\]u 



for any q. Indeed, the first isomorphism follows from 1 1.1.51 and the other ones from the commutation of the functors 
and Ej^j ^ (bv ll.l.6t with filtered inductive limits. We will consider a filtered category indexed by 



A^ = \(X,T ] )e{\K»\ Q n]0,l[) 2 



X >T\,X > max{A,/,v}, 
T| < £,/ for some I 



(1.1.6.1) 



Here the condition A- > T| comes from II. 1.71 (2). This filtered category becomes a fundamental system for T\,X—> V 
so that the limit with respect to A^ is same to the original one. 

Letgx :]U[ Xj x-^]T[t and^ jT1 \]U[ x x^[ z ]xn -^] T W denote restrictions of g for (X,r\) G Ay,. Then 
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by\TJM Since ((^ /t Jm xa ) ®o ]l%iX fi) !]}%.„ = and {}U[ x xn}Y[ x ^,}U[ xX n[Z} x ^} is an admissible 

covering of we have 

= ®Lg\, n * (rfz[ S) Ti ( a ]y[xA* (( n j#/T K l]f[x.J®°]c/[ XA £ l]^LT.O) I] 

Hence, in order to prove the vanishing Re<f*rL r ( ii r Q.'u (8 t « 

r & * — J Z U V(; X|/Ts: j£70]x[ 2 



E) = 0, we have only to prove the vanishing 



gx, n * [pizixn \ a W\x,x* {( a x* K /T K \w[ x . x )®o ]u[xx £ l]t%Jj \]u[ xx n[z] x , 



= 



(1.1.6.2) 



for any (X,T\) G%. 



3° Reduce to the local computations. 

Let us denote the 1-dimensional open (resp. closed) unit disk over SpmK of radius r| 6 \K X \q by D(0,r|~) (resp. 
D(0,T| + )). Since Z <f_ D, we have the lemma below by the weak fibration theorem |Ber96a, 1.3.1, 1.3.2] (see also 
115^941 4.31.). 

Lemma 1.1.7. With the notation as above, we have 

1. There is an admissible covering {Vp}p of]T[<x such that 

^ 1 (y p )n]zu-ypxs pm ^D(o,r) 

of rigid analytic K-spaces, where the coordinate o/D(0, 1 _ ) is z as above under this isomorphism. 

2. Under the isomorphism in (1), 

- W TnU kx) ><Spmif J D(0,Tl + ) 

foranyX,y\ e \K X \qn]0, 1[ with X > r). 

In order to prove l 1.1. 71 (2), the condition X > r| is needed because of using / for the definition of ]T n U[ 7 \. 

Let S = SpmR be an integral smooth A'-affinoid subdomain of Vpnjr HC/^x with a complete ZT-algebra norm 
| - 1« on R. Since R is an integral Zf-Banach algebra, all complete ^-algebra norms are equivalent [BGR84 3.8.2, Cor. 
4]. In order to prove the vanishing ll. 1.6.21 it is sufficient to prove the vanishing 



of hypercohomology for any such S bv ll. 1.71 (2) since ]T[g-=]Z[z is integral and smooth and £2 
module of rank 1 generated by ^. The hypercohomology above can be calculated by 



= 

is a free 0] X [ X - 



-]Z[S,T1 



Tot 



V 



lim T(g^(S)n}Y[ Xtfl ,£) 
lim r(g^JS)n]Y[ Xjl ,*E) 



Here Tot means the total complex induced by the commutative bicomplex, the left top item in the bicomplex is located 
at degree (0,0) and the horizontal arrows in the bicomplex are the natural injections. Indeed, the cohomological 
functor commutes with filtered direct limits since gx ^ is an affinoid morphism, and the vanishings H q (g^ =0 

and Hi(g^(S)n]Y[ x ^,e) = for q > 1 hold by Kiehl's Theorem B MKie67l 2.4] since g^(S) and g^(S)n]Y[ Xtft 



are affinoid 
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More explicitly, the following formula fl .1.7.11 holds when £1 -1 is a free -i ,<, r module of rank r. We will 
prove the freeness in the next step 4°. Put /^-algebras 



A R {r\) 

A R (r\-) 
M*0 



n=0 



a n eR, \a„ \ R r[" — > as n — > °° 



= r (^>),0]X L ,)=<| I««Z n 



a„ G R, \a„ \ R p" — > as n — > °° for any ^ < r| 



/7 = — oo 



a„ 



n=0 
,) 

o-n — > as n — > °° 



IfljiU/j" — * as n — > — °° for some/j < r| 



and define a norm on Ar(t[) by | £„a„z" | a r (x\) = sup„|a„|r)". AR(r[),AR(r[~) and 3?s(t|) are independent of the choice 
of complete /if-algebra norms on R since there exist positive real number pi and P2 such that pi |-| < |-|' < p 2 1 - 1 for 
equivalent norms |- and |-|' by IBGR84I 2.1.8, Cor. 4]. Let v be a vector of basis of T(g^(S),£) overyiff(ri) such 
that the derivation along z is given by 9#(v) = vG for a matrix G with entries in A R (r[). Then we have 




A R (r\) r 
A R {r\) r 



R R (r\) r 
ld# + G 



(1.1.7.1) 



-1] 



4° Local classification of logarithmic connections along a smooth divisor. 

Proposition 1.1.8. Let S = Spm/? be a smooth integral K-affinoid variety, and letW = S XspmKD(0,t^) be a quasi- 
Stein space over S for some ^ £ \K X IqHJO, 1]. Let M be a locally free Ow -module furnished with an R-derivation 
3# = z4z : M — > M, where M = T(W, M), such that 

(i) for any t| € |A' X |Qn]0,^[, ifW-^ — S Xs pm K D(0,r\ + ) isanaffinoidsubdomainofW andif\\-\\ is a Banach 
A R (r\)-norm onM^ = r(W-r|,M), then |^n"=o @# ~j)( e )\W ~~ * 0(n — > °°) for any e eM-p anaf < p < 1, and 

(ii) any difference of exponents of (M, 3#) along z — is neither a p-adic Liouville number nor a non-zero integer. 

Then there are a projective R-module L of finite type furnished with a linear R-operatorN :L^L such that \ \ ^ fR=o — 
j)(e)\\p" — > 0(n — > °°) /or any e £ L and < p. < I, where \\-\\ is a Banach R-norm on L, and an isomorphism 
(M,3#) = (Ow ®fli,3#Af) in which the R-derivation 8#n on Ow <S>rL is defined by 3#at(o <g>e) — 3#(a) ®e + a <S>N(e). 

If M is a free CV-module in the proposition above, then the assertion is a part of the Christol's transfer theorem 
|Chr84| Thm. 2] and its generalization in [BC92|. The Christol's transfer theorem is in the case where R is a field K. 
By the argument in [BC92] 4.1], the transfer theorem also works on an integral ZT-affinoid algebra R. A part means 
that we consider solutions not in meromorphic functions but only in holomorphic functions. When M is free, one has 
a formal matrix solution by the hypothesis that any difference of exponents is not an integer except 0, and then all 
entries are contained in Ar(^) because of the conditions (i) and (ii). 

Lemma 1.1.9. Let R be an integral K-affinoid algebra. 

1. There exists a finite injective morphism T[ — > R of K-affinoid algebras from a free Tate K-algebra Ti of some 
dimension I. 

2. Suppose furthermore that R is Cohen-Macaulay. Then, for any finite injective morphism T[ — > R of K-affinoid 
algebras, R is projective of finite type over 7). Moreover, if M is a projective R-module of finite type, then M is 
free over 7}. 
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Proof. (1) The assertion is the Noether normalization theorem IBGR84] 6.1.2 Cor. 2]. 

(2) Since 7} is regular and R is Cohen-Macaulay, R is projective over 7} by [Nag62, 25.16]. If M is a projective 
/^-module of finite type, then M is also projective of finite type over 7), hence M is free over 7} by BKed04| 6.5]. □ 

With the notation as in 11.1.81 let us fix a finite injective morphism 7} — > R of 7^-affinoid algebras !!. 1.91 (1). Con- 
sidering the norm on R which is defined by the maximum of norms of tuples under an identity R = T, m by 11.1.91 (2), 
we regard as an A r,(Tl)[3#] -module by the natural finite injective morphism At,{^) — > Ar(t\) of TT-affinoid al- 
gebras for r) G \K X |q(~i]0,^[. Moreover, yL7;(ri)[3#] -module satisfies the hypothesis in [TX8] (see EJ and Afq is a 
free At,(v\) -module ITTT791 (2) . Fix a basis v of over At,(T[) and let G-^ be a matrix with entries in At,(T[) such 
that 3#(v) = vGr|. By applying a generalization of Christol's transfer theorem (as we explain after ll.l.ST l, there is an 
invertible matrix Y with entries in At, (t] _ ) such that 

d#Y + GnY = YGn(0), (1.1.9.1) 

where Gr|(0) = G-^ (modz.A7;(r|)) is a matrix with entries in 7). Then there is a free 7]-module L^ with a 7}-linear 
homomorphism AV| defined by the matrix Gr|(0) such that (M^ ®xrCn) -Ar/Cn - )^*) — (-Ar, Cn~) ®7j ^r|,3#A' r ,)- If we 
put H°(M n ) = ker(3# : M n -> M n ), then 77°(M 11 ) S ker^ : L n -> Lp). 

Lemma 1.1.10. Wz'f/z f/ie notation as above, the fallowings hold. 

1. The pair (L^,N^) is independent of the choices oft] £ |A' x |Qn]0,^[ up to canonical isomorphisms. Moreover, 
(M, 3#) ^ (A Tl (£ - ) ® t, U\ , ) .far any r). 

2. 7/ we ^Mf H°(M) = ker(3# : M — > M), f/zen r/te natural R-homomorphism H°(M) — > 77° (M n ) fnof onfy f/ze 7) 
structure) induced by the restriction is an isomorphism. 

Proof. (1) For Ti' < r|, there is an invertible matrix g with entries in .A^Cn') sucn that d#Q + G n >(0)Q = QGr\(Q) by 
the restriction. Since none of the differences of exponents is an integer except 0, Q is an invertible matrix with entries 
in 7). Hence the pair is independent of the choices of T|. Note that {WrilrielA^lQnJo.^ is an affinoid covering of the 
quasi-Stein space W and M is the projective limit of Mp (t| G \K x |Qn]0,^[). Therefore, the assertion holds. 

(2) follows from (1). □ 

Lemma 1.1.11. Let R be an integral domain over a field Q p with the field F of fractions, and let (L,N) be a pair 
such that L is a free R-module of rank r and N : L — > L is an R-linear endomorphism. Suppose that e\ , ■ ■ ■ ,e s are 
distinct eigenvalues of N ®F with multiplicities mi,-- - ,m s , respectively, such that ei,--- ,e s are contained in 1 p 
and let (\>n(x) = (x — e\)" H ■■■(x — e s ) ms £ "L p [x] the characteristic polynomial of N. If we put L(ei) = (p,(iV)L where 
(p,(x) = 9iv(x) / (x — ei)" 1 ', then L is a direct sum of R-submodules L{e\), ■ ■ ■ ,L(e s ) of L such that all eigenvalues of 
N\n ej \ ®F are ejfor any i. Such a decomposition is unique. 

Lemma 1.1.12. With the notation in I7.7.<SI let ei, ■ ■ ■ , e s be distinct exponents of (M, 9#) along z — 0. 77ie« M is a 
direct sum of ' An(t^)[d#]-submodules M(ei), • • • ,M(e s ) ofM such that all exponents o/(M(e,-),3#) are ejfor any i. 

Proof. With the notation in 1 1 . 1 . 1 01 and 11.1. lTI take a free 7/-module L of finite type furnished with an 7/-linear homo- 
morphism N such that (M,d#) = (AtA^T) 8)7}L,9#jv). SinceL(e,) is a direct summand of the free 7}-moduleL, L(e,) is 
free. PutM(e,) = (AtA^T) ®T,L(ei),d m \ rl .). ThenMis a direct sum of M(e\), ■ ■ ■ ,M(e s ) as .Ar.(^~)[3#]-modules. 
Since any ,A:r ; (^~)[3#]-homomorphism between M(e,) and M(ej) for i j is a zero map, M(e,-) is an AR(£,~)[d#\- 
module for all i. Hence, the decomposition is the desired one. □ 

Lemma 1.1.13. Let S = SpmR be a K-affinoid variety, W = S xs pm K D(Q,t, + ) for some t, Q |^ x |q> and let M. be a 
locally free Ow-module. Then there exist a finite affinoid covering {Sj} ofS and a real number E[ € |7C' X \q(~] ]0, ^] such 
that, ifW s . p denotes an affinoid sub domain S\ x 7)(0,^' + ) ofW, then M|w c f , is a free CV , -module for all i. 
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Proof. Since M/zM is regarded as a locally free O^-module, there is a finite affinoid covering {Si} of S such that 
(M/zM)\si is a free Os,. -module for alii. Since W,- = Sj Xs P mxO(0,i; + ) is an affinoid, M/zMis generated by T(Wi,M) 
by Kiehl's Theorems A and B |Kie67 2.4]. Let vi, • • • ,v r 6 r(W,-,M) be elements whose reductions form a basis of 
(M/zDVt)|s. over 0s ( .. The support of M|w,/ (vi,-" , y r) is an analytic closed subset of W; which does not intersect 
with the closed subspace defined by z — 0. Since JVC is locally free, there is a real number e |A' X |qPi]0,^[ such that 
^SiX SpmK D(Q £,'.+) IS f ree an ^ is generated by vi, — - ,v r because of the maximum modulus principle HBGR84I 6.2.1, 
Prop. 4]. Then it is enough to take Z,' — min,^. □ 

Proof of 11.1.81 We may assume that any exponent of M along z — is by 11.1.121 and by twisting an object of 
rank 1 with a suitable exponent. We may also assume that M| w ^ is a free Ow^-module for some 6 \K X \qp\]0,£,[ 
by 11.1.131 By applying the transfer theorem 11.1.81 for the free cases with the conditions (i) and (ii) , if one takes 
an T| (E \K X |Qn]0,^'[, then there is a free /^-module L furnished with an /^-linear operator N : L — > L such that p^ : 
(M,3#)|w n (0w n ®RL,dw)' Denote the dual of M by (M v , — Then we have a natural commutative diagram 



where the vertical arrows are isomorphisms since M is locally free and the bottom horizontal arrow is an isomorphism 
by |1.1.10l (2) since all difference of exponents of (M v <%irL, —d# ® 1 + 1 ® 3jy) along z = are 0. 

Let P : (M,3#) — > (Ow ®rL,^#n) be an 0w[3#]-homomorphism corresponding to ^ via the isomorphisms above. 
We will prove that p is an isomorphism. In the case where R is a field, i.e., d = 1, p is an isomorphism since the support 
of an -module, which is finitely generated over Ar{^), is either W or one point z = by Bezout property 

of Ar(£,~) BCre98l 4.6]. Let us return to the case of general R. For a maximal ideal x of R, the induced homomorphism 
P (modx) is an isomorphism by the case where R is a field. Hence, p is an isomorphism around x XspmK D(0,£,~) by 
Nakayama's lemma. Since both sides of p is coherent, p is an isomorphism [BGR84, 9.4.2, Corollary 7]. □ 

5° The vanishing ]!. 1.6.2] in special cases : any difference of exponents is neither a p-adic Liouville number nor an 
integer except 0. 

Let us first suppose that (ii) in ll.l.8l and c — for the exponents along z — by 0°. 
Lemma 1.1.14. With the notation in U.l.ll] the fallowings hold. 

1. Let j be an integer. Then there is a monic polynomial gj(x) € Z p [x] of degree r — 1 such that (N — j)gj(N) + 
(\>nU)Il = 0. Here Ii is the identity ofL. 

2. If all of e\ , • • • ,e. s are neither p-adic Liouville numbers nor positive integers, then (N — j) is invertible and, for 
any < T| < 1, \<$nUY 1 IV — ► as j — > °o 

Take (A,,T|) G A^x such that X > X m and r| < £,,„ for some m. Then the restriction (£,3#) on S Xs pm A"£ ) (0,^ B ,) for 
an integral smooth ^T-affinoid S = SpmR in Vpn]Z fl U[% ^ m satisfies the assumption of 11.1 .81 by the overconvergent 
condition in 2° . Considering an admissible affinoid covering of S, we may assume that there is a basis of r(g^J ) (S) , £) 
over Ar (t|) such that G is a matrix with entries in R. 

Since any proper values of G is not a positive integer, d# + G is injective on (3?r(t|) j Ar(tOY . Since any proper 
values of G is neither a /?-adic Liouville nor a positive integer, 3# + G is surjective on (Rr(t[) / Agfa))' . Indeed, with 
the notation in II. 1.141 (1). 3# + G maps -LJ=i ( ?G{j)~ l gj(G)ajZ~ i to £°° =1 g_jz~ j and £J = , (pG{j)~ l gj(G)ajZ~ j is 
contained in (Jig fa) / Agfa))' by |1.1.14| (2). Hence, the cohomology groups in |1.1.7.ll vanish for any q and it implies 
the vanishing |1.1.6.2| 

6° The vanishing ]! .1 .6.2] in general cases : any difference of exponents is not a p-adic Liouville number. 
Let us suppose the conditions (a) in ll.l. H and c = for the exponents along z — by 0°. 

Proposition 1.1.15. With the notation as in ]!. 1.8] we assume the conditions (i) in li.7.<SI (a) in \l.l.l\ and c = for 

exponents of (M, 3#) along z — 0. Suppose that Mjn^ is locally free for some T| 6 |A' X |qH]0, £[. Then there is a locally 



Hom 0w ,p #] (M,Qw®rL) 
=1 

H°{M y ® R L) 



1= 

H°(MV® R L), 
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free Ow-submodule M' of M which is stable under d# such that (1) (M', 3#) satisfies the conditions ( i) and ( ii) in \1.1.8\ 
such that none of exponents along z — is a positive integer, (2) the support o/M/M' is included in the closed subset 
defined by z — O and it is a free 0$-module of finite rank, and (3) the induced homomorphism d# : M /M' — > M /M' is 
an isomorphism. 

Lemma 1.1.16. Let R be an integral K-affinoid and let r\ £ \K X |q. Suppose that M is an A R {x\)-module of rank r 
furnished with an R-derivation d# — z-j- '■ M — > M such that e\, ■ ■ ■ ,e s are distinct exponents of (M,d#) along z = 
with multiplicities mi,-- - ,m s , respectively. 

1. There exists a basis V of M such that, if G is a square matrix with entries in Ar(%) defined by 3#(v) = vG, then 

/ Gi(O) \ 

G(O) = I '. by square matrices Gi(O),- ■ ■ ,G S (0) of degree m\,- ■ ■ ,m s , respectively, with 

V G,(0) / 

entries in R such that all eigenvalues o/G, (0) are etfor any i. 

2. Let Vj be a part of the basis as in (1) such that it corresponds to the i-th direct summand modulo z, that is, 
3#(v,-) = v,-G/(0) (modzyifl(r|)). Let M' be an Ai{(j\)-submodule of M generated by zv_\ , v 2 , • ■ ■ , Vj. Then M 1 is 
stable under 8# whose exponents are e\ + \,--- ,e s with multiplicities mi,-- - ,m s , respectively. Moreover, M/M' 
is a free R-module of rank m\, and, if e\ ^ 0, then the induced R-homomorphism d# : M/M' — > M/M' is an 
isomorphism. 



Proof. (1) follows fromlLLU] 

(2) The stability follows from (1). If we denote the matrix which represents the derivation of M' by G', then 



/ Gi(0)+/ w 



dz 



P~ l GP = 



G 2 (0) 



(modzA R {r\)) 



forP 



dm, 
/,-,„, 

M/M' is given by the matrix G\ (0). 



V G s (0) J 

Here I t is the identity matrix of degree t. The induced /^-homomorphism 3# : M/M' 



□ 



Proof of \\. 1.151 We use the induction on the largest integral difference of exponents and its multiplicity. By 11.1.91 
we may assume that Mlw,, is free for some r| 6 \K X |Qn]0,^[. We have an Ovi^-submodule of Mlw,, such that 
exponents are improved bv ll. 1.161 Indeed, we apply 1 1 . 1 . 1 61 to an exponents which is neither a positive integer nor 
because of the condition c = 0. Since the support of is included in z — 0, one can glue and M|w\{ ?= o}- 

Hence, the induction works. □ 



We use the same notation in 5°. Considering an admissible affinoid covering of S, we may assume that £|„ i 
free for some /j 6 \K X IqCIJO,^,,,] bv ll. 1.131 and, then, we can applv ll. 1.151 Let £' be a locally free 



submodule 



of 81 



v.. a, 



which is stable under 8# such that it satisfies the condition (1), (2) and (3) in 11.1.151 Now we calculate 



the difference of the local computation of cohomology between £ and £' by the module version of the second form 
of II. 1.6.21 If =r(g^(S),8) and^ =r(g^(S),£), then E ' (g> 0l R (r[) =E®$. R (rfi by the condition (2) of the 
support of £/£'. The difference is calculated by the complex 



Tot 



E' 

F' 
'1 



Er\/E„ > E^/E^ 



and it is by (3). Hence, the vanishing l 1 . 1 ,6.2l for £ follows from the vanishing for £' by 5°. 
This completes the proof of Proposition ! 1.1. 41 



□ 
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Proof of Theorem ]! .1 . 1\ By the same reason of 0° in the proof of 1 1.1.41 we may assume c = and have only to prove 
the vanishing RgK^ {?u&%* k , 7r ®yt Qp% E) = 0. 

By the Cech spectral sequence the problem of the vanishing is local on X and U as in 1° in the proof of 1 1.1.41 
We may assume that X is affine, D is defined by a single equation / = in X for some / € r(X, 0x)> ar, d there 
is a relatively local coordinate Zi,Z2> • • • ,Zd G r(X, 0^) of X over T such that each irreducible component Z; of the 
relatively strict normal crossing divisor Z = UjLj Z,- is defined by z, = 0. Let us denote by Z,- (resp. Y,) the closed 
subscheme of X defined by z, = (resp. the complement of Z; in X). 

Let us define jl/^^ (resp. jFf^x,) resp. [Zi] x jj by the same manners as in 2° of the proof of |1.1.4| (resp. replacing 
Z./hy %,.'/.,). 

By the hypothesis of [E, V) there exist a strict neighborhood ]t/[x,v of ]t/[^ in ]X[x for some v S \K X \qT\]Q, 1 [ and 
a locally free dim -module £ furnished with a logarithmic connection V : £ — > ' # im ) ®Oi,,r £ sucn that 

jf/(£, V) = (£, V), which satisfies the overconvergent condition fT. 1.0.21 

7° Induction on the number s of irreducible components of the strict normal crossing divisor Z. 
If s = 0, then the assertion is trivial. Put Z' = UJ =7 Z,-. Applying the natural exact sequence 

o — rf Zi [x (?£) — rj^ ( m ) — rj^ (f Yl jq — o 

for a sheaf JC of abelian groups on (see the proof of |Ber96a, 2.1.7]), we have a triangle 



-1/ 



X 



Hence we have only to prove the vanishing 

by the induction on s. If Zi C D, the vanishing is trivial. Hence, we may assume that Z\ is not included in D. 

8° Reduction to the case of sections. 

Let us denote the formal affine space of relative dimension r over T by A' T . By our hypothesis there is a commu- 
tative diagram 

Zi — ► X 

J. ^ (1.1.16.1) 

of formal V-schemes such that the vertical arrow X — > AcL which is etale, (resp. Zi — > A^T 1 ) is induced by zi, • • • 
(resp. Z2, • ' ' >Zd) an d the composite of bottom arrows is the identity. Since the diagonal morphism A : Zi — > Zi X-jy-i 

Zi is etale and a closed immersion, X = Zi X-m-i X\ (Zi Xti-i Zi \ A(Zi)) is an open formal subscheme of Zi X jd-i 
X. Let us now consider a commutative diagram 



A 

A 



= 1 

Zl < Zi X-Td-1 - 



X 






h 


I 


\ 








P1'2 


1 





(1.1.16.2) 



of formal T-schemes, and define /; : X — » X (resp. gi : X— > Zi, resp. : Zi — > T, resp. g = og\) as in the diagram 
(resp. by the composition, resp. the canonical morphism). We identify A(Zi) (resp. A(Zi)) with Zi (resp. Z\), and 
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denote the special fiber of X (resp. the complement of Z\, resp. the inverse image of U by h) by X (resp. Y\, resp. U). 
Z\ is a smooth divisor over T and note that, etale locally, h (Z) is a relatively normal crossing divisor. Xf- denotes 
the formal V-scheme with a logarithmic structure over 7k which is induced by the logarithmic structure of X K , and 
£2~ # denotes the sheaf of logarithmic Kahler differentials on X K over 7k ■ Then h* K Q. m # . = 

Let us define ]U[% ^ (resp. )Y\ ^, resp. [Zi]% ^) by the same manners as in 2° of the proof of 1 1.1. 41 

Lemma 1.1.17. With the notation as above, we have 

1. ^ 1 (]Z 1 [ x )=]Zi[ i - 

2. The restriction ofhK gives an isomorphism \Z\ [ j — > \Z\ 

3. Under the isomorphism in (2), 

foranyX,y\ S \K X | Q n]0, 1 [. 

Proof. Since (Zi X-M-i Zi \ A(Zi)) is removed, we get (1). The other assertion (2) (resp. (3)) follow from MBer96al 
1.3.1] and the fact that h is etale (resp. and Z\ <f_ D). □ 

Proposition 1.1.18. With the notation as above, we have the fallowings. 

1. IfK is a sheaf of Abelian groups on ]X[^, then 

2. Lef .A ant/ T> be a sheaf of rings on ]X[% and ]X[^, respectively, with a morphism Kj} A — ► 23 of rings such that 
A|]2j[ 2 ► !B|] Zl [ under the isomorphism in \l.!.17\ (2). IfKisanA-module, then the adjoint map 

M an isomorphism of A-modules. 
Proof. Let us define a functor 

4 bl „ (M) = ker (M - *n eft ^ ^) 

as same as in 2° of the proof of 1 1.1. 41 where Cij^- :]Ti |U — * s ^ e canon i ca l open immersion. Then the same 
of [TX5l and [TX6l hold. 

(1) Since rt r_ T ,(?C)|iy,f- = 0, we have R q h K *Tt <_JK) = 0foranyg> 1 bv ll. 1.171 (2). Because the cohomo- 
logical functor K. cl hK* commutes with filtered inductive limits by the quasi-compactness and quasi-separateness of hK, 
we have 

M. q hK*L] Zl[ AK) £* W>h K * ^ Inn rf Zi[ _ jT1 (5C)) = lim R«Ajc*rf Zi ( . ^(JC) = 
for any g > 1 bv ll. 1.51 

(2) Since ^K\[ Zl ] Xr[ —> (23 «> A -i^ /j^ 1 JC)| [Zl ] t , the assertion follows from [1X31 and [TTT71 □ 
Let (E, V) be the inverse image of (£, V) by n,t, i.e., 

where V is the induced Oj^^-linear connection by V because of the etaleness of h. We also denote the induced basis 
of £2L by ^V" ,^,dz. s+ i,--- ,did and the dual basis of derivations by zi J-, •• • ,z, g^-, • • • ,-J-. 
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Proposition 1.1.19. 1. If we put (£, V) = h K (£., V), then the natural morphism ,/~(£,V) — > (E, V) is an isomor- 
phism. 

2. The derivation d#\ = V(zi on £ satisfies the overconvereent condition ]! .1 .4.2\ 

Proof. (1) easily follows from the fact £ is locally free. 

(2) It is enough to check the overconvergent condition for prj^E, V) along z\ = 0. Fix a complete Zf-algebra norm 
on the affinoid algebra associated to ]X[%. Then one can take a contractive complete Zf-algebra norm on the affinoid 
algebra associated to \Z\ x&d-i X[z ] x. d _ l x IBGR84 6.1.3, Prop. 3], The induced norms ||-||je on F(]U[x x,£) and 



x on T (vr 2K QU[ Xi x),V T 2Kty satisf y the inequality ||e|| Zl x3e < \\e\\x for any e E T(]U[ Xt x,E). The overcon- 



vergent condition for pr^ (£, V) along z\ = follows from the inequality. 



□ 



Remarks 1.1.20. The connection (£,V) satisfies the overconvergent condition W . 1 .0.21 It should be called a log- 
isocrystal on U /7k overconvergent along D. 

Since (Ju°]x\x)\]Zi\x ^ )\ ]Zl[ ., we have 



uX] Zl[x U> xV7K ^ u0]x{x E) 



l8KJh K xi L AfrM 



E) 



;t, 



by 11.1.181 Hence we have only to prove the vanishing 



= 0. 



9° An argument of Gauss-Manin type. 

Letil^resp. £2j)be a free Op^ -submoduleof £2~ # ^ generated by wedge products of ^ ,•• ■ ,^-,dz s +i,-" jdz,j 

(resp. A (0 for co G H^ 1 ). Then Q? + 1 by co i-> ^ A CO. Define 



'Sr ]*[= 



Vi -id®3 #1 



t n 1 ?, 



t r><?, 



(1.1.20.1) 



where id is the identity of j~£io- ^ e definition of Vo and Vi is independent of the choices of local parameters 
Zi)Z2j ' ' ' iZd of X over T as above. Then the exterior power of induces a complex ® .t „ _ E,Vq) and 

there is an isomorphism 



(4^0®/ o . £,Vo) (4 n '®,-t - E dj± AVo) 



(1.1.20.2) 



of complexes of Om -modules. Note that Vi is the induced relative connection E ~> jtf2~ # „ 

u x K /z [K JfjU]x[~ 



EbyV. 



One can easily see (E, Vi ) satisfies the hypothesis (a) and (b) along z\ = in l 1.1.1 l b v l 1.1.1 7l and the overconvergent 
condition in ll.1.41 so that 



,'1A> 
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for any q bv ll.1.41 Hence, 

-]z 1 [ i .^ f /"x*/a- K ^lo ];fb 

This completes the proof of 1 1.1. II 



□ 



Proposition 1.1.21. With the notation in U.l.U we assume furthermore that g : X — > 7 factors through an irreducible 
component Zi of Z by a smooth morphism g\ : X —> Zi over 7 such that the composite gi o i\ ; Z\ — ► Zi of the closed 
immersion i\ : Zi — > X and gi is the identity of Zi and that the inverse image of the relatively strict normal crossing 
divisor Z\ = UJ =2 Z\ H Zi ofZ\ by g\ is UJ =2 Zi. Let E be a log-isocrystal on U /7k overconvergent along D. Then, 
for any nonnegative integer m, g\K*^o (resp. giK*(^- A Vo)) in U.1.20J] induces an integrable logarithmic Qjrfr - 

E(mZi)/E)) 



nil 



°]Zl[z, 



-module g\ K *(E{mZi)/E) (resp. giK*Uu& 



U"x* k /Z* k ^j10 ]x[x 



connection of the locally free j z 

on (Zik,Z' ik )/7k which satisfies the overconvergent condition as a log-isocrystal on (Z\ fit/)* /7k overconvergent 
along Z\ n D. 

Suppose furthermore thatZ\ <f_ D and that E satisfies the conditions (a) and (b) in \l.l.l\ Then 



igiK*L^ [x Ul^' x * K/z * K 



Ju°\x{ x 



g\ K *{E(mZ\)/E) 8 ^ g K *Ul&l# 



E(mZi)/E) 



-1] 



andgiK*{E{mZ\)/E) (resp. giK*Uu^U /?* 

any m > max{e | e is a positive integral exponent of V along Z\ } U {0}. 



Ju°]x[ x 



(1.1.21.1) 

E{mZ\)/E)) also satisfies the same conditions (a) and (b)for 



Proof. The locally freeness has been already proved in the part 0° of the proof of 11.1.41 From the definition of Vo 
in ll.l.20Tl it induces an integrable connection. Since Zi is a section of X over T, a complete ^-algebra norm of 
subaffinoid variety of ]Zi[z ( induces a complete ZT-algebra norm of certain subaffinoid variety of ]X[% Hence the 



logarithmic connections on g\K*(E(mZ\)/E) and giK*Uu^ 



^kJ>\x 1x 



E(mZ\)/E) satisfy the overconvergent 



condition. Their exponents along Z, are m copies of those of E by the definition of Vo for i ^ 1. Therefore, the 
conditions (a) and (b) also hold. □ 

Examples 1 . 1 .22. Let X = x s p f v Pv be a f° rma l projective scheme over S = Spf V with homogeneous coordinates 
(xo,x\),(yo,y\), let Zi (resp. Z2) be a divisor defined by x\ = (resp. y\ = 0) in X and put Z = Z\ U Z2 and 
X # = (X, Z). Let U be an open formal subscheme of X defined by xq ^ and yo ^ 0, let z\ = xi/xo,Z2 — yi /yo be 
the lift of coordinates of U, and let D be a closed subscheme of X defined by xq ~ or yo = 0. For integers e > and 
h > 0, we define a log-isocrystal E on U # /§k of rank 2 overconvergent along D (E = Jj/0]x[ x v i © Ju®]x{ x v 2) by 



V(vi,v 2 ) = (vi,v 2 ) 



-2 







dzi 

Zl 



+ (vi,v 2 ) 




h 



dzi 

Z2 



for some strict neighborhood of ]U[x in ]X[%. Indeed, since the exponents along Z\ (resp. Z 2 ) are e and e (resp. 
and h), the logarithmic connection satisfies the overconvergent condition and is overconvergent along D. Moreover, it 
satisfies the conditions (a) and (b) in ll.l.ll If g\ : X — > Zi is the second projection (note that the coordinate of Zi nil 
is zi), then 



E) 



g 1K *(E(mZi)/E) > g lK *Uu a r* 



[-1] 



for m > e byMM Hence Wgv*^ k Uu^/Z 



# 4 „ E) 

\K JU U ]X[ X 



for q^ 1,2 and 



^>]x lx E) ~ 



(A nu 0]z, [ z , nu °]z, [ z , ) Zi ^'1 © 4 nt/ ]Z] [z _ z x e v 2 



ifq= 1, 
if <7 = 2. 
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Therefore, S. 2 g\K*r} 7 , {j];£l°tt ,„# ® -t n E) is not always locally free. Bv ll.l.2(01 and using a spectral sequence, 

l^ilx u x K /z, iK Ju u }x[ x 

the dimensions of total cohomology groups are as follow: 

f 1 Xq=l, 

dim K w(]X[ x ,T] zl (;tov ®. t E))=\ ^^'S^^'rn!' 

y lxi- jzi Lae: yj u x k /Sk Ju°]x\ x ') I l(resp.2) lfq = 3 (resp. and h = 0), 

[ ifq ^1,2,3. 

1.2 Cohomological operations of arithmetic log-2)-modules 

We will need later some basic properties on cohomological operations such as direct images and extraordinary in- 
verses images by morphisms of smooth log-formal V-schemes. We follow here Berthelot's procedure on the study of 
arithmetic CD-modules. We recall that in order to come down from the case of formal schemes to the case of schemes 
(the latter case is technically much better), the strategy of Berthelot was to develop a notion of quasi-coherence com- 
plexes on formal schemes (see [Ber02|). We extend naturally below (see ll.2.2"l and ll.2.3l l this Berthelot's notion of 
quasi-coherence in the case of formal log-schemes. This will allow us for instance to check the transitivity of direct 
images and extraordinary inverse images (see ll.2.6l >. which is essential for our work. 

First, let us fix some notation that we will keep in this section. Let T be a smooth formal scheme over V, h : 
X' — > X be a morphism of smooth formal schemes over T, let Z (resp. Z') be a relatively strict normal crossing divisor 
of X (resp. X') over T such that fc _1 (Z) C Z', let D (resp. D') be a divisor of X (resp. X') such that h~ l {D) C 
D'. We denote by U := X \D, X # := (X,Z), X' # := {X',Z'), u : X # -> X, g* : X # -» 7 the canonical morphisms, 
and h # : X — > X* the induced morphism of smooth formal log-schemes over T. We denote by hf : Xf — » Xf 

the reduction of h # modulo 7C !+1 . Berthelot has constructed in MBer96bl 4.2.3] the Ox, -algebra 23^(1)) which is 

endowed with a compatible structure of left D^' -module. We recall that when f £ Ox is a lifting of an equation 

of £> inX, then ^(D) = Xl [T}/(f p "' +> T - p). By abuse of notation, we pose D^(D) := S^(D) (g> 0x . 

DS(D') := B^D') ® D<g. For any Ox, -module M,-, we pose M,(Z,) := Ox,(Z,) ® 0x . M,, where Ox,(Z,) : = 

Womojf. (cox,, K>x # )- When M,- is even a CD^(D) -module then M,(Z,) has a canonical structure of D^#(D) -module 
(see 0CarO7al 5.il'). 

We check by functoriality that the sheaf SB j$(£>') ® , hUD^) is a (D^" # ) (D'),/!r 1:I) v# ) ( Z) ))- bi module. This bi- 
module will be denoted by 2) V #(D',D). Also, wegeta (fcr 1 ©^ (Z)),©^ (D'))-bimodule with: V JD,D') := 

X,- ->X. X,- X,- X,- <-x. 

Hj£\D') ®o x . (^x'* ^fi^x* ®°x- wnere tne symbol '/' means that to compute the inverse image by hi 

we choose the left structure of left D^J -module of Tr^ ®o x . ® x tt- 

Before proceeding, let us state the following lemma that we will need to define the local cohomological functor 
with support in a closed subscheme (see ll.2.51 . 

Lemma 1.2.1. Let £ be a -module and $ be a D^ l J -module. Then "KoniQ x . (£,Cf) is endowed with unique 
structure of "D^J -module such that, for any morphism ofHomo x (£,7), for any section x on £, we have 



h<k 



Proof. We denote by ^ the ra-PD-envelop of order n of the diagonal immersion of Xf CP^ # ^ (resp. d^ 1 ? 1 ^* ^) 



the induced Ox,-algebra for the left (resp. right) structure. Using the isomorphisms Jfowo x . (£, 7) <8>o.x. ^f*^ 



Tiom 



n,, W ( £ ® ^, ^* 3 2i,(m)' y ®0 Ji ^"^xf, (m))' W6 P ° S6 8 " ' != W (( E » ) ' £ « )• where £ « is the 
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m-PD-stratification of £ with respect to Xf /Si corresponding to its structure of -module and ejf is the m-PD- 

stratification of 5F with respect to Xf /Si corresponding to its structure of D^J -module (see BCar07al 1.8]) 

x i 

To compute (e^) _1 and ejf, we use respectively [Ber96b 2.3.2.3] (notice that this formula is not any more true 
with logarithmic structure) and [CarOTa, 1.8.1]. □ 

1.2.2 (Quasi-coherence, step I). Let 2 be a sheaf of Oje-algebras, £ G D"(S r ), J G £>"('£), i.e. £ (resp. J) is a 
bounded above complex of right (resp. left) ©-modules. We pose: := 'B/n i+1 'B, £,■ := £ ®\ S/, Jj := % ®\ J, 
fiSsJ — Rlimfi;®^.. 

• We say that £ (resp. 30 is H-quasi-coherent if the canonical morphism £ — » fiiXi^B (resp. 3" — » 'B®^^ is an 
isomorphism. We denote by D qc (*'B) (resp. D qc (*2$)) the full subcategory of quasi-coherent complexes of D~(*CB) 
(resp. D b (*!B)), where V is either ¥ or T. 

• We pose (D) := limD^ (D). Since (£>) is a flat (D)-module (for the right or the left structures), 

a complex of D*(*D^ (D)) is D^' (D)-quasi-coherent (and in particular when X # is replaced by X) if and only if it 

is % ( ™ ] {D) -quasi-coherent. Then, the forgetful functor D*(*D^(£))) -> D*(*T) ( ^(D)) induces : D* c (*S^ n) (D)) -> 

OqcC^J* (£>)). Also, it follows from !Ber96bJ 4.3.3.(i)]: % ( ™ ] (D)®\ V/n i+l S^ b) (D)® v V/7i' +1 ^"'(Z)). 

Hence, a complex of D*(*!B^ n) (D)) is %^\d) -quasi-coherent if and only if it is ^ -quasi-coherent, if and only if it 
is V-quasi-coherent. 

• We get a (2)^] {D'),h~ l T>^J (D) )-bimodule by posing SJ"]^ (£>',£>) := ]imD { ^ xf (D',D). Also, we have 

f 

the (h-^(D),V^(D'))-bimodu\e^ 

i 

1.2.3 (Quasi-coherence, step II). Let D^(D) := (D^(D)) mG N be the canonical inductive system. Localizing twice 
D h (T) < ^l(D)) (these localizations replace respectively the foncteur — ®g Q and the inductive limite on the level m), 
we construct similarly to |Ber02| 4.2.1, 4.2.2] and ICar06bl 1.1.3] a category denoted by LD^(S£] (£>)). Let £W = 
(£ (m) )meN eLD h q (T)^l(D)). As for HBer02| 4.2.31 and QCar06bl 1.1.3], we say that £W is quasi-coherent if for any m 
£( m ) j s i)W (ZJ)-quasi-coherent. We denote the subcategory of quasi-coherent sheaves by LDq qc (D^J(D)). With the 
second point of 11.2.21 we check that the canonical functor: LDq(D^(D)) — -> LDq(B^](D)) induces the following 
one: LD^(D«(2))) - LD b ftqc (£«(D))- 

1.2.4 (Extraordinary inverse image, direct image, tensor product). Let £M GLD^ qc (D^(D)), £' W G LDq (2)^(D')). 
The following functors extend that which were already defined without log-structure. 

• The extraordinary inverse image of £(•) by h # is defined as follows: 

4 ! , D (£W) : = (SJ]^ # (D^D)®^ lS( „,) (0) / ^ - 1 £( ffl )[ ^ i x7x ]) meN G ^ftqcPS^'))- d-2.4.1) 

• The direct image by h # of £'W is defined as follows: 

4,/y + ( £ ' W ) := (^(©Sl^^^OSfiW (zy) £' (m) ))meN e LD b Q . qc (SW(D)). (1.2.4.2) 

• Let D be a divisor of X containing D. We pose: 

( + D,D)(£W) := ($W(D)g^w (D) £W) m6N GLD b )qc ($g(D)). (1.2.4.3) 

We denote by Forg Bg : LD b , qc (£g(D)) -> LD b qc (§Jj(D)) the forgetful functor. 
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• When D or D' are empty, we remove them in the notation. Also, when D 1 = h 1 (D), we remove D 1 in the 
notation. 

Using the remark ||Ber96bl 2.3.5.(iii)], we get the isomorphism in LDq qc (2)^] (£))): 

Qxm Q ®l xMQ £M := (§^(5)g^ M)(D) 8W) m6N ( + 5,D)(£C)). (1.2.4.4) 

Since a flat ©^'-module (resp. a flat -module) is also a flat O^-module, we check that the functor ( r D,D) com- 
mutes with the forgetful functor LD^ qc (D^(Z))) ^Z^ Qqc (2) £](£>)). Hence, by BCar06bl 1.1.8] and the associativity 

of tensor products, we deduce from ll.2.4.4l that we have a canonical isomorphism: ( y D,D) — > ('£)) oForg D . Simi- 
larly, if D\ and D2 are two divisors of X then (^Lh) o ('D2) — ► ( -Di UD2) (we have omitted the forgetful functor). 
Then we notice that (tDi) and ( T D\ UD2) are canonically isomorphic on LDq qc (D^](D2)). 

1.2.5 (Local cohomological functor with support in a closed subscheme). Let X be a closed subscheme of X, £ W , 3^*) G 
LD Qqc (2) £](£>)). Let 3; be the ideal of X , defined by X C X,-, J'( m )(J,) the m-PD-envelop of 3,- (resp. P( m) P;) the 

m-PD-envelop of order n of 3,), jj" }(m) its m-PD filtration (see HBer96bl 1.3^]). From MBer02! 4.4.4], T( m) (3,) is a 

-module such that, for any integers n and n', for any P G D^™),, ■* ^ '" ' we nave ^ ' x e ^ ^ " - With the 
formula ri.2.1.11 this implies that the sub-sheaf 

F_p (£,-) := lim?£ m 0x . (^ m) ( 3,) , £, ) 

of 3iom 0x . (y w (3i), £,) has an induced structure of -module. We get a functor IT-^ : -> D+fD^), 

which is computed using a resolution by injective -modules. When the Z is empty (i.e., without log-poles), we 

retrieve the usual local cohomological functor (e.g., see [Ber02, 4.4.4] or [Car04, 1.1.3]). Since is flat as Xr 

module, we notice that an injective D^#' -module (resp. an injective -module) is also an injective (^"'-module. 

Then, this functor Kr| n) commutes with the forgetful functor D + (D^ ) -> D + (D^). 

We construct then KT~ : LD Q ac (D~#) — * LflLJBl']) the local cohomology with strict compact support in X 
similarly to ICar04l 2.1-2]. Also, as for QCar04l 2.2.6.1], we have the canonical isomorphism: 

KTt(£W)®I 5& HTt(£W®t 5-W). (1.2.5.1) 

Finally, since its is known (e.g., see IICar04l 2.2.1]) when £W = 0^ (in LD^ and then in LD^ (S^) via 

the forgetful functor), for any divisor X of X, we get from ll.2.5.1l and [T.2.4.4l the exact triangle of localization of fiM 
with respect to X as follows: 

m:t(£W)^£W^(tx)(£«)^KTt(£ W )[l]. (1.2.5.2) 

Similarly, we deduce from ll.2.5.1l that the usual rules of composition of local cohomological functors and Mayer- 
Vietoris exact triangles holds (more precisely, see IICar04l 2.2.8, 2.2.16]). 

1.2.6 (Transitivity). Let h 1 : X" — > X' be a second morphism of smooth formal schemes over T, let Z" be a relatively 
strict normal crossing divisor of X" over T such that h'~ l (Z') C Z", let D" be a divisor of X" such that h'~ l {D') C D". 
We denote by X //# := (X", Z") and : X" # — > X /# the induced morphism of smooth formal log-schemes over T. 

Then, we have the isomorphisms of functors: 

h# D,D'+ oh D'.D"+^ (h # oh ,# ) D , D „ +J (1.2.6.1) 

t$p°h% (^ # °Ob»,D (1.2.6.2) 
Indeed, thanks to Berthelot's notion of quasi-coherence, we come down to the case of log-schemes, which is classical. 
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1.2.7. Similarly to [Car06b, 1.1.9], we check the canonical isomorphisms of functors: 

For gD o/i# D , + ^/i# oFor g/y , oh*j, D h m o (<D). (1.2.7.1) 

1.2.8 (Coherence and quasi-coherence). We pose 2)^. # ( t D) Q := IhxS^ (D)q. We get a (D^, # ( + D')q, /! _1, D^ # ( + Z))q)- 
bimodule and respectively a (/i _1 D^ # ( 1 'D)q, D^, # ( 1 'D / )Q)-bimodule with 

D^ 3£# ( t D',Z)) Q :=lim©^ x# (D',D) Q , D^XD^Oq := UmD^U'^'^Q- 

We have also the canonical functor lim : LD^ qc ( 2) £](!))) -> D(D^ # ( t D) Q ) (see IIBer02l 4.2.2]). Remark that 
by abuse of notation this functor is in fact the composition of the inductive limite on the level with the functor 
— ®z Q. This functor lim induces an equivalence of categories between a subcategory of LDq, qc (CD^](Z))), de- 

noted by LD\ )Coh (fig (£>)), and D\{^D)^) (similarly to |BeT02l 4.2.4]). Let £« 6 ^(©§(2))), £' W £ 
LD^ coh (Sg # (D')). We denote by £ := limgW, £' := Um£'<». Then we get : 

limo^, (£W) D^ 3E# (t J D', J D) Q ^_ lD ^ (tB)Q / I - 1 £fe 7x ] =:/$ )D (£), (1.2.8.1) 
limo4 i) , + (£'W) R/ ! ,(D^ 3e , # (tD,D / )Q^^ (to/)o £')=:4,tf + (£'), (1-2.8.2) 
limo(tD,D)(£(*») ^ # ( + D) Q ®^ #(iD)Q £=: ( + D,D)(£). (1.2.8.3) 

In the last isomorphism, we have removed the symbol "L" since the extension D^ # (^Z3)q — > D^ # (^Z))q is flat (this a 
consequence of HCar07al 4.7]). Also, we can write £( + L>,£>) := ( + Z),D)(£). 

We pose Qx(Z) := J{om 0x (co*,©^) and £(Z) = X {Z) ® 0x £. This functor (-)(Z) preserves Z)^ oh (D^ # ( + D) Q ) 
(see BCar07al 5.1]). Moreover, because this is true when £ = D^ # ( + D)q, we check by functoriality the isomorphism 
inZthP^k): 

£(Z)( + D) £( f £>)(Z). (1.2.8.4) 
Also, when Z C £>, we compute £(*£>) £(Z)( + D). 

1.2.9. Let £ G £)^ oh (D^ # ). The Q -linear dual of £ is well defined as follows (see IICar07al 5.6]): 

]%#(£) =RMom JJ t # (£,35^)®^ G>^[<fe]. (1.2.9.1) 

1.2.10 (Direct image by a log-smooth morphism). We suppose here that /i # is log-smooth. Then, as for |Ber02 
4.2.1.1], we have the canonical quasi-isomorphism: & x m/ x * Q ®o x , Q ^> x m ~^ q' Tnis im Pl ies: 

fi ^/ 3e #,Q®o 2 , Q 2)| e «( t J D , )Qfe'*/3e#] ^^CA^Oq. Then, for any Z' e D b coh (V f xm ( f D%): 

h% D , + (Z') ^M^B^^Cd^Oq^^^^ £') ^ R^(^ W q®Ox',q £ ')fe'#/**l- (1.2.10.1) 

1.3 Interpretation of the comparison theorem with arithmetic log- D -modules 

We keep the notation of ll .21 First, we give in this section the following interpretation of convergent (F-)log-isocrystals 
on (X,Z) over S. Moreover, we translate theorem [l . 1 . 1 1 and finally proposition II. 1.211 which will be respectively 
fundamental for the section \22\ and [231 
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Proposition 1.3.1. 1. The functors sp* and sp^ induce quasi-inverse equivalences between the category of coherent 
T>' xtt (^ D)q-modules, locally projective of finite type over OxCd)q and the category of locally free j}jO]x[ x - 
modules of finite type with an integrable logarithmic connection V : E — > jjjQ.]^ ^ g <8y Q E satisfying the 
overconvergent condition of \1.1.0.2\ 

2. Denote by I CO m.et({X,Z)/SpfV), the category of convergent log-isocrystals on (X,Z) over § in the sense of 
Shiho (see [Shi02, 2.1.5, 2.1.6] and [ShiOOJ). There exists an equivalence between I come i((X,Z)/SpfV) and the 
category of coherent ^-modules, locally projective of finite type over Ox,Q- 

Proof. We check the first equivalence of categories similarly to [Ber96b, 4.4.12] (see also |Car07a, 4.19]). We deduce 
the next one by Kedlaya's theorem IKedal 6.4.1] (see also his definition [Keda 2.3.7]). □ 

Remarks 1.3.2. • With the notation Tl. 3. II since D is a divisor, for any locally free jyO]x{ x -module E of finite type, 
for any integer j ^ 0, 3ihp t (E) = 0. 

• Moreover, it follows from ll.3.1lll that for any coherent 2) ;e# ( T D)Q-module, locally projective of finite type 
over 0%( D)q, E := sp*(£) is a locally free jJjOjxy -module of finite type with a logarithmic connection V : E — » 
jrr£l„ # , <g> .f _ E satisfying the overconvergent condition of 11.1.0.21 Of course the converse is not true unless 

X K /7 K Ju u ]X[ x 

7 = 8. 

1.3.3 (Inverse image). Let V — > V be a morphism of mixed characteristic complete discrete valuation rings, k^> k' the 
induced morphism of perfect residue fields, X be a smooth formal V-scheme, X' be a smooth formal V'-scheme and Z 
(resp. Z') be a relatively strict normal crossing divisor of X over Spf V (resp. X' over Spf V). Let /o : (X',Z') — > (X,Z) 
be a morphism of log-schemes over Speck. We have a canonical inverse image functor under fo denoted by /q : 
/conv,et((^,Z) /Spf V) -> I com>et ((X',Z') /Spf V) (this is obvious from the definition HShi02l 2.1.5, 2.1.6]). We get from 
11.3.1 12l an inverse image functor under fo, also denoted by /q , from the category of coherent 2)1^ z ^ ^-modules, locally 

projective of finite type over Ox,Q to the category of coherent Dt x i ^-modules, locally projective of finite type over 
O^e'o- When there exists a lifting / : (X',2/) — > (X, Z) of (X',Z') — > (X,Z) then /q is canonically isomorphic to the 
usual functor /* . 

1.3.4 (Frobenius structure). Suppose now that V — ► V is O (which is a fixed lifting of the ath Frobenius power of k) 
and fo is F^ X Z ) (or simply F) the ath power of the absolute Frobenius of (X,Z). A "coherent F-D^ x ^ ^-module, 

locally projective of finite type over 0^,q" or "coherent z ^ ^-module, locally projective of finite type over O^.q 
and endowed with a Frobenius structure" is a coherent ^ ^-module £, locally projective of finite type over Ox,Q 
and endowed with a D!^ z ^ ^-linear isomorphism £ — — > F*(£). This notion is compatible (via the equivalence of 
categories I1.3.1I2I I with Shiho's notion of convergent F -log-isocrystal on (X,Z) (see llShi02l 2.4.2]). By [Shi02 
2.4.3], an F-log-isocrystal on (X,Z) is strikingly locally free. 

The following lemma indicates that the equivalence of categories of 11.3.1111 is compatible with the most useful 
functors (see also |2.3.9l for inverse images). 

Lemma 1.3.5. Let D C D' be a second divisor ofX and U' :=X\ D'. Let £ be a coherent {} D)q-module which 
is a locally projective xC D)q-module of finite type and E := sp*(£). Then 

£( t D')=^ # (tD') Q ^t e#(tD)Q £ ^ sp,(^,£), (1.3.5.1) 

Kl£,(£) Rsp, (E). (1.3.5.2) 

Proof. We have the canonical isomorphism: $p m (jy,E) — ► ®xC D / )Q®o x 0D) f} Since jy,E satisfies the over- 
convergent condition, Ox(^D')q ®o x pD)n ^ * s t ^ len a conerent 33^. # ('D / )Q-module which is also a locally projective 
0^e( T D')(j-moduleof finite type. Then, we get a morphism of coherent 2)^ # ( T D')Q-modules: 0xC ! D')q(^ Ox ^ d ^ £ — > 
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D xtt (^ D')q> (g) D t (tD)^ ^- Since this morphism is an isomorphism outside D', this is an isomorphism (see HCar07al 

4.8]). Thus, we have proved fT.3.5.11 

By applying the functor K.sp 4 to an exact sequence of the form ll.1.0.11 we get the exact triangle (and with the first 
remark of II .3.21 >: 

Rsp.oI^E) _> S p,(£) — » sp,(^,(£)) — » Rsp.olJ,^ (£)[!]• 

Since sp^E) — > sp^j'^, (£■)) is canonically isomorphic to £ — > £( T D'), it follows from the exact triangle of local- 
ization of £ with respect to D' (see |1.2.5.2t , that Rr^, (£) Rsp„ o r^,^ (E). □ 

An exponent of a coherent D^ # (^Z))Q-module, locally projective of finite type over 0^(^Z))Q-module means an 
exponent of the associated overconvergent log-isocrystal by 1 1 . 3 . 1 1 ll The comparison theorem [TTTTT] can be reformu- 
lated as follows: 

Theorem 1.3.6. Let £ be a coherent ^ x ttC D)q-module which is a locally projective OxC D)q-module of finite type. 
Suppose that 

(a) none of differences of exponents is a p-adic Liouville number, and 
(b') any exponent is neither a p-adic Liouville number nor a positive integer 
along each irreducible component Z ( - ofZ such that Zi (jt D. Then the natural morphism 

£ )^%*(^£/T,Q®Ox,Q £ ( tZ )) (13.6.1) 

is an isomorphism. 

Proof. Using fT3TI (and the first remark [T.3.2l ). we have only to apply the functor sp„ in ll.l.lK with E := sp*(£)). □ 

Remarks 1.3.7. With the notation of [T331 since Rg* (^# /TQ ®o I)Q = %* ( a 'x/7.® ®Ox,q £ ( tz ))' k fol " 

lows from ll.2.10.1l and ll.2.5.2l that the fact that the morphism ll.3.6.1l is an isomorphism is equivalent to the fact that 
gf) , oM.r} z (£) = 0. We will see also that this is equivalent to the fact that g+(p) is an isomorphism. But first, we need 
to recall the construction of p. 



1.3.8 (The morphism p). Let £ e Dj? oh (D^ # ( t £)) Q ). 

» From MCar07al 5.2.41. we get the canonical isomorphism of (D^D^D^^Z^Q^bimodules: ( ^> x< _ x #CD)q — 
D x C'D)q <E>o x (-2-)' where to compute the tensor product we take the right structure of D T X (^D)Q-module (and then 
the right structure of O^-module) of T> x (^D)q. Hence, the canonical inclusion T>' x (' D)q<S>Ox Ox{^) C T> x (' DUZ)q 
induces the morphism 

= BU^Q® 1 ^ £ - V' x CDUZ)^ v y fDh £ = £(t Z ). 

This canonical morphism is denoted by p : md + (£) — » £(^Z). 

• From Cd)q ^ D x CD) q ® 0x 0<e(Z) (and also HCarQ7aJ 6.2.1]), we get 

« D+ (£) T> x CD) Q ®^ eDh Z(Z). (1.3.8.1) 

• Finally, by [Car07a, 5.25], when £ is furthermore a log-isocrystal on X # overconvergent along D, for any j ^ 0, 
W(um.(£)) = 0, i.e., M£> + (£) -^-> T> x (jD)q (gi^t , tD > £(Z). This will be essential in the proof of 12.3.41 
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Remarks 1.3.9. With the notation ri.3.81 since the canonical morphism (}Z) om + (£) — > £(tZ) of coherent Dj(^flU 
Z)Q-modules is an isomorphism (this is obvious outside DUZ and so we can apply |Ber96b, 4.3.12]), the localization 
triangle of «£>+(£) with respect to Z is canonically isomorphic to 

Mr^o MD+ (£) ^m d +(£) A£( t Z) -*-HT^o MD+ (8)[l]. (1.3.9.1) 

Hence, o m+ (£) = if and only if p is an isomorphism. 
We will need the following two lemmas of commutativity: 

Lemma 1.3.10. Let D be a second divisor of X, £W £ LD^ qc (S^(D)). We /iave: 

(md+^W))^) ^ ittn_(£«(t5)) « 5+ (£W(tD)). (1.3.10.1) 

Proof. Since, over Z^Dq qc (D^](D)), ( T Z3) — ► (^Z3 UD), we can suppose that D C Z3. According to our notation (see 
the beginning of 11.21 . m, : X* — > X, denotes the reduction modulo 7i' +1 of u and Ef := Ox, ®q £' m ). By pos- 
ing := £(')( + D), we get: J, (m) ^ dJ> (23) ®l £ M By | c5r07il 5.2.4], ^(D) A 03«(23) ® 0x/ 

Ox,(Z). Hence, using ||C5r07il 5.1.2], we obtain: -(D) ®^ (m) J, 1)^(2)) #\ m) (?, (m) (Z,-)). Via the 

canonical isomorphism of transposition y : 03^ (23) ® 0x , Ox,(Z) Ox,(Z) ®o Xj ^J(D) (see !Car07al 1.24]) 
and via ESDTa 5.1.2], we get: ?, (m) (Z) ^ Dg(D) ®\, „, f£, (m) (Z,)). Thus: 03^(23) ®\ {m , J; ^ 

4? 5 P) <w , n , B ? ^ <W , n1 ( £ i W ( Z '))- Since ^ P) and D g (23) are 3 (D)-flat, we check: 03« (23) ^ 

i i 

Drf (D) ® L w ®xf ( and also without #)■ This gives the following (03^ (23) , 03^ (5))-linear isomorphism: 
03^ ) (23) (g) L (m) 03^ (23) Dxf (23), which furnishes the second isomorphism: 

B l m) ,#( D ) ® L w, s $ ^ ® L w, fj?(5) ® l w (£ ( m (Z)) ^> 

^03^(23)®^^ d-3.10.2) 

So we have checked: Ko+(£W(tD)) (uo+(E-^)){ T D). By |1.2.7.Tl the second isomorphism was known (we can 
also use the second isomorphism of |1.3.10l2i i. □ 

Lemma 1.3.11. Let D be a second divisor of X, £W e LD* (£^(D)). We /iave: 

«D+oRTt(£W) ^Rrto MD+ (£W). (1.3.11.1) 

Proof. This is a consequence of 11.3.101 Indeed, following |1.2.5.2l the mapping cone of Rr~ ° «d+ ° KT~ (£(*') — > 
« D+ o Rrt(£(*)) is isomorphic to ( + Z3) o m d+ o MTt(£H) = by 11.3.101 Also, the mapping cone of MT~ o m d+ o 
lTt(£W) -► MTt o « D+ (£W) i s isomorphic to Kit o u d+ o (t.D)(£W) = bv ll.3.101 □ 

Corollary 1.3.12. Let £ be a coherent 03 ^ # (^ D)q-module which is a locally projective Ox(^D)q-module of finite type 

and which satisfies the conditions (a) and (b') of \1.3.6\ Then, the morphism go + (mo + (£)) — ► gDuz + {Ei}Z)) is an 

g+(p) 

isomorphism and g+WT^ o uo .+ (£) = 0. 
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Proof. By the exact triangle [l.3.9.1| this is sufficient to check that go,+ oRTj ouo + (E) = 0. But g # D , — > go.+ °UD,+ 
(see ll .2.67TT >. Hence, bv ll.3.71 we get go + o mq + oRTz(£) = 0. We finish the proof by using |1.3.1 1.11 □ 

Finally, we finish with the following version of 1 1.1.211 

Theorem 1.3.13. We assume that g : X — > 7 factors through an irreducible component Z\ of 'Z by a smooth morphism 
gl : X — > Zi over T such that the composite gi o ii ; Zi —* Z\ of the closed immersion i\ : Z\ — > X and g\ is the identity. 
Moreover, we suppose that D C\Z\ is a divisor of Z\. Let Z\ — U? 2 %inZj be a strict normal crossing divisor of 'Z\, 
Z\ := (Zi, Zj ). We suppose that g^ (Z[ ) = Uj =2 Zj and let g\ : X* — ► Z* be the canonical induced morphism. 

Let £ be a coherent 1)^(^D)q-module which is a locally projective Qx(^D)q-module of finite type and which 
satisfies the conditions (a) and (bj in \l.l.l\ Then the complex 

Cone(^ + (£)^^ + (£( t Z 1 ))) (1.3.13.1) 

is isomorphic to a complex of coherent D PiZ\)q-modules, locally projective of finite type as Ozi (}Dr\Z\)<n- 

modules and satisfying the conditions (a) and (b) of \l.l.l\ 

Proof. We pose E := sp* (£) and Y\ :=X\Z\. Then, since the functor rj^ ^ is exact, since mapping cones commute 
with the functor Mgix>(i2* # ,„# ®O m , -) and JyOV, # (g> t £ = £2* # # ® £, we obtain 

%i^ Zl[s (^fl^ ®jlo ]x[x E ) = Cone ( K «^^4/z !f ®o ]x[x E) - R^n^ ® 0]J% [-1], 

(1.3.13.2) 

By applying the functor Rsp t in the right term of 1 1 .3. 1 3T2l since Rsp,, oRg^ — > Rgi* °Rsp„ and using the first 
remark of 1 1.3. 21 we get the complex 

Cone (Rgi*(a^ #/Z ^ Q <8>a x<Q sp*(£)) -> Rgi*(^# /Z # Q <H)o s ,q s P* C/+ £))) [-1], (1.3.13.3) 

Following [L2.10.1|[T3TTT1 and [T33?Tl the complex[T3j33]is isomorphic (up to a shift) to ll.3.13.11 

On the other hand, by applying the functor Rsp^ in the left term o fll.3.13.21 using the isomorphism ! 1.1.21. 1 l and the 

first remark of ll.3.2l (and of course [L~3.1lll ). we get a complex isomorphic to a complex of coherent D^ # (^Z)nZi)Q- 

z i 

modules, locally projective of finite type as ( T D nZi)Q-modules and satisfying the conditions (a) and (b) in l 1 .1.11 

□ 

Remarks 1.3.14. With the notation ll.3.131 we have the isomorphism (see ll.2.5~2l ): 

^ + oRrt i (£)^Cone(^ + (£)^^ + (8(tz 1 )))[-l]. (1.3.14.1) 

2 Application to the study of overconvergent F-isocrystals and arithmetic 
D -modules 

2.1 Kedlaya's semi-stable reduction theorem 

We recall the following Kedlaya's definitions (see [Kedb, 3.2.1, 3.2.4]): 

Definition 2.1.1. Let X be a smooth irreducible variety over Specfe, Z be a strict normal crossing divisor of X, and 
let E be a convergent isocrystal onI\Z. We say that E is log-extendable on X if there exists a log-isocrystal with 
nilpotent residues convergent on the log-scheme (X,Z) (see ISh i02l 2.1.5, 2.1.6]) whose induced convergent isocrystal 
on X \ Z is E. When E is even an isocrystal on X \ Z overconvergent along Z then E is log-extendable if and only if E 
has unipotent monodromy along Z (see definition IKedal 4.4.2] and theorem |Keda 6.4.5]). 



25 



Definition 2.1.2. Let Y be a smooth irreducible variety over Specfc, let X be a partial compactification of Y, and let E 
be an F-isocrystal on Y overconvergent along X \ Y. We say that E admits semistable reduction if there exists 

1. a proper, surjective, generically etale morphism / : X\ — >X, 

2. an open immersion X\ ^>X\ into a smooth projective variety over k such that D\ : = / _1 (X \Y) U (X\ \X\) is a 
strict normal crossing divisor of Xi 

such that the isocrystal /* (E) on Y\ := f~ l (Y) overconvergent along D\ C\X\ is log-extendable on X\ (see 12. Lit . 

With the previous definitions, Kedlaya has proved in [Kedd 2.4.4] (see also |Keda|, [Kedb|, [Kedc]) the following 
theorem which answers positively to Shiho's conjecture in [Shi02, 3.1.8]: 

Theorem 2.1.3 (Kedlaya). Let Y be a smooth irreducible k-variety, X be a partial compactification ofY, Z := X \ Y , 
E be an F -isocrystal on Y overconvergent along Z. Then E admits semistable reduction. 

Remarks 2.1 .4. This conjecture was previously checked by Tsuzuki when E is unit-root in |Tsu02a| and by Kedlaya 
in the case of curves (see IKe dQ31 ). 

2.2 A comparison theorem between log-de Rham complexes and de Rham complexes 

Let X be a smooth formal V-scheme, D be a divisor of X, Y := X \ D, Z be a strict normal crossing divisors of X, 
X := (X, Z) be the induced smooth logarithmic formal V-scheme, u : X # — > X be the canonical morphism. 

Lemma 2.2.1. Let Z' be a strict normal crossing divisor of X such that ZUZ' is a strict normal crossing divisor of 
X and such that ZPiZ' is of co dimension 2 in X (i.e., the irreducible components ofZ and Z' are different). We pose 
X #/ = (X, ZUZ 1 ). Then the canonical morphism D^ # ,(^Z) UZ')q — ► D^ # (^ZJUZ')q is an isomorphism. 

Proof. The assertion is local in X. We can suppose that there exists local coordinates t\ , . . . , of X such that Z U Z' = 
V(t\ . . .t r ) and Z = V(t s +i . . .t r ) for some < s < r. For any integer m, we have the canonical inclusion: 2)^2 (DU 
Z')q CDj«(DUZ')(j (seethe notation of [L2T2i i. A fortiori, by direct limit on the level, we obtain T>^ r ^DUZ')q C 
D; # ( + DUZ')q. 

Less obviously, let us check the converse. For any integer k, we denote by q\ , q\ r k , r k , r k ' the 
integers satisfying the following conditions: k = p m q^f* + r t"\ < < p"\ k — p m+l q k m+X ' 1 + r k n+l \ < r* k m+ ^ < 
p m+1 , q[ m) = pq[ m+1) + f { k m \ < r ( k m) < p. We recall that the p-adic valuation of kl is v p {k\) = (k— o(k))/(p - 1), 
where a(k) = if k = ^p 1 with < a, < p. We compute: v p (q { k m) !) - v p {q ( k m+l) !) = [q { k m) - q [ k m+l) - f [ k m) )/{p - 
1) = q { k m+l) . By EeT96bl 2.2.3.1] (and Sgjj C % { ™+\ we have: df >{m) = q { k m) !/q{ m+1) ldf >{m+1) . Then, there ex- 

ists a unit u of 1 P such that for every < i < s, we get: df >{m) = up^ +l) df >{m+l) = (t^Tt) * tfdf >im+1) . 

Since for any k we have ( ^fer ) 6 T^tz^ x\ d uZ ')> we obtain the inclusion B^'(DUZ') Q C 

t'k \ h ) t 

7p ^^ 1 \DUZT) Q . Since is invertiblein Sg^ (Z) UZ')q, this implies: S<$(DUZ')q C ^"(OU 

Z')q. Then, by taking the direct limit on the level, D^DUZ') Q C D^CDUZ'Jq. □ 

Lemma 2.2.2. Wi'f/i f/ze same notation as in \2.2.1\ let v : X #/ — > X be the canonical morphism. For any £ G 
D^ oh (D^ # (tD) Q ) £' g D^ oh (D^ # ,( t D) Q ), w have the isomorphisms in D h mb {D\{> D UZ%) : 

v DUZ ,+ (£(tz')) «fl U2 '+(e( t Z')) («o+(£))( + Z'), (2-2.2.1) 
«fl U2 ' + (e , ( t Z')) v DUZ , + (£'( t Z')) (v 0+ (£'))( + Z'). (2.2.2.2) 
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Proof. First, since T >^ #; ( t DU Z / ) Q = B^( + DUZ% (see lZTTT l, the left terms of l2.2.2.1l and l2.2.2.2l are well defined. 
Also, as the proof of !2.2.2.2l is similar, we will only check l2T2.2.1l 

Bv ll.3.8.l1 md+(£) — - ■> f tC-0)q ® L t ,* £(Z). Then, we get by associativity of the tensor product: 

(« 0+ (£))( f Z') ^ D^( + DUZ') Q ®^ #(to)(} £(Z) ^ 2);( + DUZ') Q ®^ #(tDuz , )Q £(Z)( t Z'). 

On the other hand, by |1.3.8.f1 (and, for the second isomorphism, since T) m ('D UZ')q = "D* # ('D\JZ')q), we get: 
u DUZ , + (£CZ>)) ^ VlCDUZ%<E>^ iiDuz , h ECz')(Z), 
v D[JZ , + (£CZ>)) ^ VlCDUZ%^ (iDuz , h £Cz')(ZUZ'). 

Since £( + Z')(ZUZ') £(tz')(Z')(Z) £( f Z')( z ) ^ £(Z)( f Z0 (see ll .2.8.41 we conclude the proof o f|232~T1 

□ 

Proposition 2.2.3. Lef 21 = SpfV{fi , . . . ,t n }, D be a divisor of Spec k[t\, ...,?„] and for i — 1, . . . ,« let f)i be the formal 
closed subscheme ofVi defined by tj = 0, i.e., fii = SpfV{fi, . . . ,t(, . . . ,t„}. Let f)o be the empty set. Fix an integer 
r G {0, . . . ,n} and pose ft:=SoU5iU-- - U$y r . Let 2l # := (2t,ij) and w : 2l # — > 21 be the canonical morphism. Let £ 
be a coherent 'D'^ttC D)q-module which is a locally projective 0a(' D)q-module of finite type such that the conditions 
(a) and (b') in \1.3.6\ holds. Then the canonical morphism p : wd+ (£) — > £■(' H) ( see \1.3.8j is an isomorphism. 

Proof. We have to check Mrj^wD+(£) = (thanks to the exact triangle fl. 3. 9. II ). To prove it, we will proceed by 
induction on r. When r = 0, this is obvious. Suppose r > 1, pose = U,->i>2^! (when r = 1, S) 1 is empty) and 
S := W£>+(£). We get the Mayer- Vietoris exact triangle (see [Car04, 2.2.16]): 

W} w 9Cm) ->n3 fl s( t tfi)eBTl lf g(ttfi) ^ir^g^) ^ir^g^oii]. (2.2.3.1) 

Since Mr^ g( t H i ) = and Rr^ n// ,S( + // 1 ) = 0, we obtain Krj / ,S( t //i) Mrj^S( t //i). 

Let 21*':= (21,^'), w 1 : 2l #/ -> 21 be the canonical map and£ := sp*(£). By [T331 £( f //i) sp„,(,/£ in(/ £), where 
17 = K n k \D and Fi = K n k \H\. Moreover, framEED D^ # ,( 1 '£)UHi)q = D^DUH^q. Then £( + //i) is a coherent 
Djj„ # , (^DUi/i)Q-module which is a locally projective Oa(^DU//i)Q-module of finite type satisfying both conditions 
(a) and (b'). Using the induction hypothesis, this implies KL^w^ + (8.(^H\)) = 0. We get from l2.2.2.2l the iso- 
morphism: Wo uffl>+ (£( t .ffi)) ^> (w D+ (£))( + //i). Since Mr^S^i/i) Mr] / g( t //i), we obtain: Mrj^S( t //i) = 0. 
Symmetrically, for any i = 1,... ,r, we check that Krj / 9( t // 1 ) = 0. With the exact triangle of localization of Mrj^S 
with respect to Hi, this means that the canonical morphism Kr^Mr^g — > KTj^g is an isomorphism. By MCar04l 
2.2.8], this implies: MEH in ... nHr S Wjj9- 

It remains to prove that Krj/ in ... n # j g = 0. When D contains Hi PI • • • fl//, , this is obvious. This reduces us to the 
case where D n (Hi R • • • r\H r ) is a divisor of Hi n • • • n H r . 

Let l be the canonical closed immersion #i D ••• DS) r = Spf V{f r +i, . ..,?„} > SpfVjfi . . . . ,f„} =21 and g : 21 — > 
SpfV{f r+ i, . . . ,f„} be the canonical projection. We notice that got is the identity. Since £ satisfies the conditions (a) 
and (b') and 5 — Wd+(£), ^ follows from 11. 3. f2l that gD+KT#(g) = (notice that we do need here the relative case 
of ll.3.121 i.e., 7 is not necessary equal to 8). Hence, gD+M% in -m r (5) = °- B Y HBer02l 4.4.5], KT^ in ...nff r (S) ^ 
i+l ! (g). Then: go+Ml^n-nH^) ^ g+l+v(S) Hence i ! (g) = and then Mr^ n ... n ^(g) = 0, which 

finishes the proof. 

□ 

We will need to extend !ICar07al 6.1 1], which will be essential (in the proof of |239l or 12.3.121 ). As for HCar07al 
6.1 1], we need a preliminary result: 
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Lemma 2.2.4. With the same notation as in \2.2.1\ let Xf and Xf be respectively the reductions ofX # and X #/ modulo 
K ,+ 1 . Let H>Xj be a -module endowed with a compatible structure ofQxj-algebra. We pose '■= ®o x - ^xf' 

Dj$, := Hx ®0y. Let £' be a left D^#' -module and £ be a left D^J -module. Then the canonical morphism of 

A- 1 A i A A A 



D^J -modules: 

xf 



® 5 W (£' £) - (1$ ® £ w £') £ (2.2.4. 1) 



W an isomorphism. 

Proof. Similar to HCar07aJ 3.6]. □ 

Proposition 2.2.5. Wi'fn fne same notation as in \2.2.1\ let u : X #/ — » X # foe f/ie canonical morphism. Let £ be a 
coherent T> * X #C D)q-module which is a locally projective Q xC D)q-module of finite type. Then £ is also a coherent 
D ^#/( D)q-module which is a locally projective D)q-module of finite type. Furthermore we have the isomor- 
phism ofD^ x# ( i D)q-modules 

«d+(£)^ ^#( t£, uz') Q ®^ #(ti3)Q £ = £( t z')- (2-2.5.1) 

/n particular, ud + (E) (resp. £( + Z')J can foe endowed with a canonical structure of coherent DUZ')q-modules 
(resp. coherent r D^ tf ^D)q-modules). 

Proof. By 11.3.11 sp*(£) is a locally free jj;0]x\x -module of finite type with a logarithmic connection V : £ — > 

jrr&L* , Q ®.t„ £ satisfying the overconvergent condition (see ll.3.lY Then, we check that the induced logarith- 

x-kI°k j u u ]x\x ' 

mic connection V' : E — * /r/OL,,, ® .+ „ -E satisfies the overconvergent condition. So, £ is a coherent 2)t. # , (tDW 

module which is a locally projective 03e( T D)Q-module of finite type. 

As for [Car07a, 6.8], we compute: UD+(OxCD)q) — > Qx(^DUZ')q. Then, in the same way as for the proof of 
flCar07al 6.1 1], we deduce from l2.2.4l that the isomorphism 12 . 2.5TT1 holds . □ 

Remarks 2.2.6. With the notation r2.2.5l it comes from ll.2.4.4l and [T.2.8.3l that there is no ambiguity in writing £(^Z'). 
More precisely, 

^ # ,(W0 Q ®^ #/(tz% £^ c; # (tDuz') Q ®^ #(tD)Q £^ £( + z'). 

Lemma 2.2.7. Let h : X' — ► X foe a finite etale morphism of smooth formal "V -schemes, D 1 — h~ l (D), X' # := 
(X',n _1 (Z)), /i # : X' # — > X # foe the induced morphism by h. Let £' foe a coherent D')q-module which is a 

locally projective x' (' D')q-module of finite type. Then h # D+ {£') is a coherent ^ x ttC D)q-module which is a locally 
projective x{ ' D)q-module of finite type. Furthermore if£J satisfies the conditions (a) and(b') of \1.3.6\ so is n|, ,(£'). 

Proof. Since h* is smooth, we have the canonical isomorphism Q' x i#/x* q ®°x ^x'* Q ^x'*/x*\ ~^ -^£#<-£* Q * see 
11.2.1 01 > . Since h is even etale, we get £1^, # ,^ # = and then — 4 ^ q- But = n * because h is 

finite. This implies that h # D+ {£') is canonically isomorphic to «*(£'). Pose {/' := X' \D' . Recall that by 11.3.11 that 
E' := sp*(£') is a locally free 7j//0]x'[ s / -module of finite type endowed with a logarithmic connection V : E' — > 
jjri&Lrtt,- ® t , n satisfying the overconvergent condition of 1 1.1.0.21 By hypothesis, £' satisfies the conditions 

u * K /i>K J V I U ]X'[ X , 

(a) and (b') of 1 1 .3.61 Bv ll. 1.3121 then so is h*(E'). We conclude with the isomorphism: sp„/j* (£') — ► h^sp^E') — > 

«*(£')• □ 

Lemma 2.2.8. Let h : 3 — > 3 ' foe a finite and etale morphism of smooth formal V -schemes, D' be a divisor ofX', 
D:=hT x {D'), £ GLD^ (S^ (£))). Then h+(£) = if and only if £ = 0. 
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Theorem 2.2.9. Let £ be a coherent D^. # ^-module which is a locally projective Ox,q-module of finite type such 

that the conditions (a) and (b') in \1.3.6\ holds. Then the canonical morphism p : m+(£) — » £(^Z) (see 17.3.51 ) /s an 
/somor/?n/im. 

froo/ This is equivalent to prove that M.r} z u + (£.) — (see ll.3.97Tt . We proceed by induction on the dimension of X. 
1° How to use the case \2.2.3~\ of affine spaces. 

Let x be a point of X and let Zi, . . . , Z r be the irreducible components of Z which contain x. By IIKed051 Theorem2], 
there exist an open dense subset il of X containing x and a finite etale morphism ho : U — ► A? such that Z PI il = 
Zi ("I • • • ("I Z r and Z\,...,Z r map by ho to coordinate hyperplanes Hi,... , H r . Since the theorem is local in X, we can 
suppose that ii= X. 

Let h : X — » SpfV{?i, . . . ,?„} be a lifting of ho. Denote by S) i , . . . ,fj„ the coordinate hyperplanes of SpfV{fi , . ..,?„}, 
S):=SjiU---USj r , Z" :=h- l {ft). Let Z' be the union of the irreducible components of Z" which are not an irreducible 
component of Z. Denote by X*' = (X,Z"), A% = SpfV{fi, . . .,t n }, A$ = (SpfV{fi,.. -,t„},Sj), h # : X #l -> A'*, w : 
Ay — > Aiy, v : X #/ — > X. We get the commutative diagram: 

X X 5— *■ A'-y 

(X, Z) (X, Z") A#. 

2° The canonical morphism Rr_ znz ,M + (£) — > Mr z M+(£) ;s an isomorphism. 

We notice (for example see |2.2.5t that £ is also a coherent D^* Q" m °dule which is a locally projective j,q- 
module of finite type. By 12.2.71 since h is finite and etale, h # AVj is a coherent 1)1 # -module which is a locally 
projective OA^,Q-module of finite type and which satisfies both conditions (a) and (b') of 11.3.61 Hence, by 12.2.31 
KTffW+/i^(£) =0. We have: n + (lT z „v+(£)) lT^+v + (£) -^-> Mr^w+n#(£) (see ICar04l 2.2.18.2] for the 
first isomorphism and ll ,2.6.T1 for the second one). Then, by |2.2.8l Mr_ z „v + (£) = 0. SinceZcZ", we get: ]Rr z v + (£) = 
0. 

It follows fromEOj] £( f Z') «+(£). Then, by 11.2.6.11 h+^Z')) u + u+(Z) v+(£). This im- 
plies Rr^ M+ (£( t Z')) = 0. Bv ll.3.10.11 m+(£( + Z')) (m+(£))( 1 'Z'). Hence: Rrj^ZOMfi) = 0. Using the exact 
triangle of localization of Wr} z u + (8.) with respect to Z', this means that the canonical morphism Kr z Kr_ z ,M + (£) — > 
RT z m+(£) is an isomorphism. Since Rr znz ,w + (£) Mr z Rr z , M+ (£) (see ICar04l 2.2.8]), we come down to prove 
MT? z , nz u + (£)=0. 
3° We check that Rr^, nz M+(£) = 0. 

When Z fl Z' is empty, this is obvious. It remains to deal with the case where Z n Z' is not empty. Let x be a closed 
point of ZflZ', Zi , . . . , Z r be the irreducible components of Z containing x, Z r +\, ... , Z s be the irreducible components 
of Z' containing x. Since Rr z , nz M+(£) is zero outside ZHZ', it is sufficient to prove its nullity around x. Then, we 
can suppose that Z = Zi U • • • U Z r and Z' = Z r +\ U • • • U Z s . 

To end the proof, we need the following lemma. 

Lemma 2.2.9.1. With the above notation, X' be an intersection of some irreducible components of Z'. Let X /# : = 
(£',£' RZ), i : X' ^X, l # •• X' # ^X # , u' : X' # -> X' be the canonical morphisms. For any fiW e LD h Q qc (T)^l), we 
have the canonical isomorphism: l ! « + (£(*)) — > «' + l #! (£W). 

Proof. We keep the notation of the section [L2l e.g., X[ means the reduction modulo 7i ,+1 of X' etc. From # -^-» 

T)^\Zi) (see HCar07al 5.2.4]) and by IICar07al 5.1.2], we get dJ° # ® L (m) £^ m) D^ m) ® L (m) £, M (Z). Thus: 

<T)( m ) ,5?)^ r'CD^ 6?i L £ (m) ) D (m) K) L rM m) (7-) 
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The canonical morphism 2)^' — - ► induces the morphism of (D^},i 1 2)^')-bimodules: z# — 

We get: ® < m \ D^j # — > „ . By a computation in local coordinates, we check that this morphism is an 

i 

isomorphism. Since D^) # is locally free over D^, we obtain: D^/ ® L , > D^"$ # D^"' . This implies: 

i 

( ( i 

Moreover, V^ x# ®\ v\E^ (Z f )) ^ (l^ x# L . (m) r'^XZ HX/). From ^ ^(Z/nX?) 

' ' 1 jf# ' ' 1 xf ' ' ' 

(see BCar07al 5.2.4]) and using the commutation of the functor '-(Z, ■ HX/)' with '- <g) L , . -' (see BCar07al 5.1.2]), 
we obtain: 



art 1 / jq» • • xr 

Then, we get by composition: ^ ^ i* ^ £« ) ^ l)g_ x , ^ (m) (D g fi£ ,„„ r 1 6« ) 



# 



which is up to a shift the required isomorphism at the level m. □ 

In particular, let Z* := (Z S ,Z S R Z), l : Z x «-> X, l # : Z* X # , m' : Zf — > Z. s be the canonical morphisms. 
We obtain: Mr^ nzM+ (£) Rr^i + i ! M+ (£) M^I+k^ i #! f£) l + Kr^ nZs M' + l #! (£) (see HBer021 4.4.5] for 

the first isomorphism). Since £ is flat over Qx.q, then: i #! (£)[l] -^-> i # *(£). Since i # *(£) is a coherent £>£# Q - 
module which is a locally projective O^.Q-module of finite type and which satisfies conditions (a) and (b') of 11 3.61 
(see the proof of 11.1. 21k since dimZ s < dimX, the induction hypothesis implies that Rr2 nZj i/ + i #! (£) = 0. Then: 
RT^ riZ w+(£) = 0. Similarly, we check that, for any j between r+1 and s, RT^ nz «+(£) = 0. Hence, using Mayer- 
Vietoris exact triangles (see IICar04l 2.2.16]), Rr z , nz M + (£) =0. □ 

Examples 2.2.10. The exponents of an overconvergent isocrystals with nilpotent residues Csee l2. 1 . Tb are zero. Then it 
follows from l2.2.9l the holonomicity of overconvergent isocrystals with unipotent monodromy along Z. 

Proposition 2.2.11. Let £ G Z)|? oh (D^ # (^D)<Q)). Suppose that there exist a smooth morphism X — > 7 of smooth formal 
V -schemes over S such that Z is a relatively strict normal crossing divisor ofX over 7. Then, we have the canonical 
quasi-isomorphism: 

ft S*/T,Q®°S,Q £ *■ ^3e/T,Q®0a;,Q M O+( £ )- (2.2.11.1) 

Proof. The proof is similar to that of [Car07a, 6.3]. □ 
The second part of the next corollary improves the statements of ll . 1 . H Cor ll .3.6t : 

Theorem 2.2.12. Let £ be a coherent D^. # ^-module which is a locally projective Qx : Q-module of finite type and 

which satisfies conditions (a) and (b'j of \1.3.6\ Then £(^Z) is a holonomic ^-module. 

Moreover, suppose that there exist a smooth morphism X — > 7 of smooth formal ~V -schemes over S such that 
Z is a relatively strict normal crossing divisor of X over 7. Then the canonical morphism ^^#/ 7 q ®Oxq ^ ~ * 

Q ®Oi o i s a quasi-isomorphism. 

Proof. The first assertion is a consequence of |Car07a, 5.25] and the second one follows from |2.2.9l and l2.2.1 II □ 

We finish this section by checking that the conclusions of theorems 12 . 2 . 9 1 ( and then l2.2.12] i are stable under inverse 
image by smooth morphisms. 
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Proposition 2.2.13. Let f : X' — >X fee a smooth morphism of smooth formal V-schemes, Z':=f~ l (Z), X' # = (X', Z'), 
u' : X' # — > X' fee ffee canonical morphisms, f* : X' # — ► X* fee f/ie morphism induced by f. Let £ fee a coherent - 
module which is a locally projective OjeQ-moOM/e of finite type. Then we have the canonical isomorphism: 

/*«+(£) u' + f*(E). (2.2.13.1) 
Proof. We have: «'+/**(£) D*, «Ut (2)L^ # ® , t (seelOJfor the direct image). 

The canonical morphism q — * -^£'->3e q induces the morphism of coherent D^, ^-modules (which are also 

(T)' x , Q )-bimodules) 1> X , Q (g5.pt -^je'#^£# q — * ^x'^x q- ^ e com P ute th at this morphism is an isomor- 

phism (we come down to the case of log-schemes which corresponds to a computation in local coordinates). Then: 

</**(£) ^ Q ® la ,t r l nz') B^g®^, r'^Lo®^ e(z)) ^ /*«+(£)• 

□ 

Corollary 2.2.14. With the notation oi \2.2.13\ if the morphism w+(£) — > £( Z) ;s an isomorphism then so is u' + (/**(£)) 
/#*(£) ( + Z'). 

2.3 Overholonomicity of overconvergent F-isocrystals 

Definition 2.3.1. Let X be a smooth formal V-scheme. 

1. Let£W SLDq„ c (D^). Let F be a subscheme of X such that there exists a divisor T of X satisfying Y = Y \ T, 

where Y is the closure of Y in X. The complexe £M smoothly devissable over Y in partially overconvergent 
isocrystals if there exist some divisors T\, . . . ,T r containing T with T r = T such that, for any i := 0, . . . ,r — 1 and 
posing 7b := 7, Y, ■ : = 7b n 71 n • • • n T, ■ \ 7/+1, we have F, smooth and the cohomological spaces oflimRrj;.(£ (,) ) 

(see lCar07bl 3.2.1]) are in the essential image of the functor spy.^^- Tj+l + , where spy.^g T + is the canonical 
fully faithful functor from the category of isocrystals on F, overconvergent along F,- \ F to the category of 
coherent D^(^7] + i)Q-modules (see [Car05bQ. To simplify the notation, it is possible to avoid lim indicating. 

More precisely, we can say that the complex £W is smoothly devissable over the stratification Y = U, = o r -iF 

in partially overconvergent isocrystals or (7\ , . . . , T r ) gives a smooth devissage over Y of ' ES*> in partially over- 
convergent isocrystals. 

2. Let D be a divisor of X, £ G ^cohC^C^o) and £W G cohi^x ( D )) such that lim(£W) £ (this has 
a meaning since lim induces the equivalence of categories LDn co h 

We say that £ is smoothly devissable in partially overconvergent isocrystals if £W is smoothly devissable over 
X \D in partially overconvergent isocrystals. 

Let 7i , . . . , T r be some divisors of X such that 7) is empty. We pose, for i = 0, . . . , r, T{ := 7} U D. We say that 
(7i , . . . , 7" r ) ( res/?. (T{, . . . , Tj.)) gives a smooth devissage of £ over X ( resp. X\D) in partially overconvergent 
isocrystals if (7*i , . . . , T r ) (resp. (T[, ... , 7/)) gives a smooth devissage over X (resp. X \ D) of £W in partially 
overconvergent isocrystals. 

Remarks 2.3.2. 1. With the notation 12.3. II II for any / = r, let Xj := 7q n?i PI ••• fl 7i. Then, for any / = 

0, ... ,r — 1, the exact triangle of localization of RT^.(£W) with respect to 7) + i is 

R^^w^Rrj^W) ^ffirS j+i (£W)[l], 

which explains the word "devissage". 
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2. With the notation|23JJ2J we pose T Q : = X. Since £W-^-> ( t Z))(£W),wenoticeti^tRrr nrin»-n73°( t7 5+i)( £W ) 
Mr^ nr , n nT , o (?T{ + j )(£'*'). Then (T\,,,,,T r ) gives a smooth devissage of £ overX in partially overconvergent 
isocrystals iff (T{, Tj.~) gives a smooth devissage of £ over X \ D in partially overconvergent isocrystals. 

2.3.3. Similarly to [CarOTbJ 3.2.7-8], we have the following result. Let X be a smooth formal V-scheme, F a sub- 
scheme of X. We suppose that there exists a divisor T of X such that Y — Y\T. Let £ G F-LDq qc ( g, Dy '). Let 
7i , . . . , T r be some divisors of P containing T with T r = T and, for any i := 0, . . . ,r — 1, Yi := Tq D 7i n • • • D 7j \ 7/+i 
where To := F. 

If, for any z' := 0, ...,r — 1, £ is smoothly devissable over F; in partially overconvergent isocrystals then so is £ 
over Y . 

More precisely, for any i = 0, . . . , r — 1, let Tjvi), • • • , ^(i,^) be some divisors containing 7}+i with 7(,,,-,) = 7}+i such 
that, if T(; o) := F; and, for any h = 0, . . . ,r, — 1, := T^-q) n • • • fl \ T^j t +i), then F(,-^ is smooth and, for any 
integer /', 3f ; (limlRrt £) is in the essential image of spy — _ y T , . 

Then (T^i),. . . , r (0 , ro ), T {Ll) , . . .,7(1,^),. ■ - ,7(^1,1), ■ ■ ■ ,7()-l,/y_i)) gives a smooth devissage of £ in partially over- 
convergent isocrystals over the stratification 

y = %)U---uy (0 , ro - I) LJi' (1 ,o)U---ur (I/l _ l) LJ...LJy (r _ Iil)) u...uy (r _ 1/M _ 1) . (2.3.3.1) 

Proposition 2.3.4. Let 21 = SpfV{?i ,...,?„} and, for i = l,...,n, let fii be the formal closed subscheme of% defined 
by ti = 0, i.e., fj; = Spf V{fi, ...,?,■,...,?„}. Lef / and I' be two subsets of {I, ... ,n} such that I HI' is empty. We pose 
jj := U/g/i5/ and S)' : = U/g/'fty. Lef 2l # := (21,$) ant/ w : 2l # — > 21 be the canonical morphism. 

Then there exist some divisors T\ , . . . , 7}v, only depending on I and I', which satisfies the following property: if 
£* is any bounded complex of cohere nt D' ()l tt ( t 'H r )Q-modules, locally projective of finite type as Oa(^ H')q-module 
and such that conditions (a) and (b) o f\l.l.l\ holds, then T\,... ,7]y gives a smooth devissage of w^i in partially 
overconvergent isocrystals over A' k \ 

Moreover T\ = H and any divisor T\,. . . is a sub-divisor ofH. 

Proof. 0° Induction. 

For the sake of convenience, we add the case n = where 21 = Spf V (and then / and /' are empty). We proceed 
by induction on the lexicographic order (n, \I\), with n > 0. The case n — is obvious. So we can suppose that n > 1 
and the proposition is checked for n — 1. Moreover, the case where |/| = means that H is empty. This case is thus 
straightforward. So, we come down to treat the case |/| > 1. Up to a re-indexation, we can suppose 1 G /. 
1° We come down to the case where £* is a module. 

So, suppose here that there exist some divisors 7i, . . . ,Tn such that, for any coherent T>^ # (^//')Q-module £, lo- 
cally projective of finite type as Oa('//')Q-module and satisfying above (a), (b) conditions, 7i, . . . ,7]y give a smooth 
devissage of w#' + (£) in partially overconvergent isocrystals over A' k . 

Following HCar07al 5.25.1], for any coherent D^ # (^/f')Q-module £, locally projective of finite type as 0<&(*H')q- 
module, for any j ^ 0, 0i J (w +(£)) = 0. We pose 5F* := w H > + (£'). Then, for any integer r, 3^ = vv ff ' + (£ r ). 

For any i := 0, . . . , r- 1, let Y t := T nlj n • • • nT- \ T i+l (with T : = F) and pose 4> := rj, = rr n7in-ni; ° C^I+i )• 
Then, the first spectral sequence of hypercohomology of <t> gives = JC' ! (M(|)(3 rr )) 3i"(K(j)(9 : '*)). If for any r,s, 
!H s (M.§($ r )) is an isocrystal on F; overconvergent along F \ F, then so is Then we can suppose that 5F* 

has only term. Thus, £* has only a term. From now, we will write £ instead of £*. 
2° Devissage. 

Via the exact triangle of localization of Wf// + (£) with respect to H, it is sufficient to check that K^ H w H i + {tL) is 
smoothly devissable in partially overconvergent isocrystals. 

The exact triangle of localization of Krj^w//'+(£) with respect to H\ is of the form: 

RLV„> + (£) ->KT+Wtf + (£) -> ( t //i)MTV„'+(£) ^MT^ W ^ + (£)[1]. (2.3.4.1) 

From the exact triangle |2. 3.4. H and using |2.33l it is sufficient to check the following two last steps. 
3° (' H\)M.r} H W[ji + (£) is smoothly devissable in partially overconvergent isocrystals. 
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Let ft := Uf),- G /\{i}, w : (%.,$)) — > 21 be the canonical map. Similarly to the begin of the proof of l2.2.3l (i.e.. using a 
Mayer- Vietoris exact triangle), we get the second isomorphism: (' Hi)Kt} H WH'+{£) — -> If^Eff o (tffi) o w#/+(£) 
KTt o(t#!)o w H i+(£). We get from E222] the isomorphism: (tffi)(w H / + (£)) ^- w H / UHl , + (£( + //i)). Thus, 

( t //i)Rr] / w // / + (£) -^-> Mrtw H / u//l + (£( t // 1 )). By the induction hypothesis, Rrtw // / u//l , + (£( 1 7/i)) is smoothly de- 
vissable in partially overconvergent isocrystals. 

4° KTjfj Vfjj'+(£) is smoothly devissable in partially overconvergent isocrystals. 

Let = (f)i,£>i n#), ii : f)i 21, gi : 21— >S)i, : 2l # — » #*> wi : 55* — > i be the canonical morphisms. 
By |1.3.13l (and with the remark rOTT4~TT >, gf + oRT^(£) is a complex of coherent D^C^i nfl%-modules, 

locally projective of finite type as 0.$, ('Hi DH')q -modules and satisfying conditions (a) and (b). Then, by induction 
hypothesis, w\+ o g* + o MT^ (£) is smoothly devissable in partially overconvergent isocrystals. Moreover, 

Wl>+ ogf + oKT^(£) gl+ o Wg , + o (£) [I =± T1 gi+ ° ^g, °vv^ + (£) (2.3.4.2) 

Thus, i\\Vfji + (£.) is smoothly devissable in partially overconvergent isocrystals and so is MT^ w H / + (E). □ 

Definition 2.3.5. Let Xbe a smooth formal V-scheme, D a divisor of X and £ 6 D( i DI.(^D)q). To avoid the confusion 
with the coherence over D^( + D)q, we will say that £ is "~l-overholonomic" if £ G D^. oh (D^ x q). 

Lemma 2.3.6. Lef 21 = Spf V{f i ,...,?„}, one/, for i = l,...,n, let S)i be the formal closed subscheme of 21 defined by 
f,=0. Let I be a subset of {1, ... ,n}. We pose fj :=U/e/^,-. Lef 2l # := (21,53). w : 2l # — > 21 be the canonical morphism. 
Let £ be coherent 2)^ # ^-module, locally projective of finite type as 0<&x}-module and satisfying the conditions (a) and 
(b) of \l.l.l\ Then the partially overconvergent isocrystals which appear in the smooth devissage o/w+(£) given by 
the divisors 7i,...,7V o f\2.3.4\ are — l-overholonotnic. 

Proof. First, we prove by induction in n that, for any subset / Ci, IT^w+(£) G ^cohC-^JE o)> where fij = ^jejfij- 

Let J a subset of /. The case where J is empty is obvious. So, we come down to treat the case \J\ > 1. Up to a 
re-indexation, we can suppose 1 6/. From l2.3.4.2l and with its notation, we get wi t + °g* + ° RTj? (£) — ► 4 w +(^)> 
where gf + o Rr ffi (£) is a complex of coherent ^-modules, locally projective of finite type as Ojjj.Q-modules 

and satisfying the conditions (a) and (b). Then, by the induction hypothesis, Kr} H i[w+(£) G ^ coh(-^fli q)- Since 
W} Hj w+(E) i 1+ i\W? Hj w+(£.) / 1+ Rr^ !>+(£), it follows that RT^w+(£) eD^ oh (D^ Q ). 

Secondly, let 7 and 7' be two subsets of /. Then, using a Mayer- Vietoris exact sequence, since Hj HHf = H JUJ i, we 
check that RT_ HjlJH ^w + (E) G D^ oh (T)^ q). Similarly, we obtain by induction on r > 1 that, for any subsets J\,...,J r 

of /, the complex Rrjj _ ] Hj w+(£) belongs to D h coii (T>^ q). If Di and £>2 are some divisors which are a finite union 
of some divisors of the form Hj with / as subset of /, by the exact triangle of localization of Rrj^ w + (£) with respect 

to D 2 , we get (*D 2 ) oRT^w + (£) G D h coh {^ x Q ). 

□ 

Lemma 2.3.7. Lef r > — 1 fee an integer, h : X— * X' be a finite andetale morphism of smooth formal X '-schemes, D 1 be 
a divisor of X 1 , D :— h (D 1 ), £ G j 1 (D^('Z))q). Ifh + (E) is smoothly devissable in r-overholonomic (see HCar05a\ 
3.1]) partially overconvergent isocrystals then £ is smoothly devissable in r-overholonomic partially overconvergent 
isocrystals. 

Proof. Let Z' be a smooth closed subscheme of X', T' a divisor which contains D' such that T' HX' is a divisor of 
Z' and the cohomological spaces of MT z ,( 1 'T')(h + (E)) are r-overholonomic and in the essential image of the functor 
s Pz'^x',t',+ - Pose T:=h- l (T') mAZ:=hr l {Z'). Then, h+(WT} z ('T){E)) Wr} z ,^T'){h + (E)). With this remark, 
we check that it is sufficient by smooth devissage of h+(£) to prove that if £ -^-» WT? Z ^T)(E), £ G D^ oh (D^ 'T)q) 
and the cohomological spaces of /z+(£) are r-overholonomic and in the essential image of the functor spz'^x' V + 
then the cohomological spaces of £ are r-overholonomic and in the essential image of the functor sp z ^^ T , . Since 
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h + is exact, we can also suppose that £ is a coherent 2)j(^T)Q-module. Since this is local in X and h is affine, 
we can suppose X and X' affine. Then, there exists respectively some liftings a : Z — » Z', l : Z <—* X, l' : Z' 
X' of Z — > Z', Z ^ X, Z' ^ X'. Since /i + commutes with the local cohomological functor with compact support, 
l+l'' (/z+(£)) — * /i+i+v(£). Because the direct images of arithmetic D-modules do not depend (up to a canonical 
isomorphism) on the choice of the lifting, /z + i + i ! (£) -^-> i' + a + i ! (£). Hence i' + i' ! (/z + (£)) i' + a + i ! (£). Since 
^ Id, i' ! (/i+(£)) a+i ! (£). This means that l ! (£) is a coherent D' Z (*T (~lZ)Q-module (for the coherence, 
recall that £ has its support in Z) such that a + i ! (£) is r-overholonomic and Z '('T' HZ')q -coherent. Let :=Z\T, 
y' := 2/ \ r'. Since the morphism y — » }}' induced by a is finite (and etale), the fact that a + i ! (£) is QgrpT' nZ')q- 
coherent implies that r(y,v(£)) is of finite type over r(y,Oy, Q ). Then, by [Car06b, 2.2.12-13], l ! (£) is associated 
to an isocrystal on Y overconvergent along T flZ. Since a is finite and etale, a + — a t and thus l ! (£) is a direct factor 
of a*a + v(£). Then, since a + X •(£) is r-overholonomic and that the r-overholonomicity is stable under extraordinary 
inverse image (e.g., under a- = a*), we get the r-overholonomicity of v (£). Since £ -^-> i + v (£), £ is r-overholonomic 
and is in the essential image of &Pz^x T , , which finishes the proof. □ 

Notation 2.3.8. Let X, X' be two smooth formal V-schemes, /o : X'^Xa morphism of fc-schemes, Z (resp. Z') a 
divisor of X (resp. X') such that f Q \z) C Z'. 

>From QBerOOl 2.1.6], we have a functor: f Q : LD^ ^(D^) -> LD b q qc (T)^}). We obtain: /• z , z := ( + Z') o /• o 
Forg z : LD^ qc (SW(Z)) -» LD^ qc (S^(Z')). When there exists a lifting / : X' -> X of / , we retrieve f' z , T We 
pose /q Z , z = JC° o/q z , z [— cfy'/x] ar, d / Z ' z = M°o/^, z [-4'/x], where afx'/x is the relative dimension of X' over X. 
We keep the previous notation when we work with coherent complexes. Remark that if f$ (Z) = Z' then ft, z = /*, 
where /* is the usual inverse image functor (as Ox-modules). 

Lemma 2.3.9. Let X, X' be two smooth formal V-schemes, Z ( resp. Z') be a strict normal crossing divisor ofX( resp. 
X'J- Let /o : X' — > X be a morphism of k-schemes such that f^ 1 (Z) C Z'. We note f* : (X',Z ! ) — > (X,Z) the induced 
morphism. Let £ (resp. J) be a coherent F -D^ z ^ ^-module (resp. ^ ^-module), locally projective of finite type 
over Ox,q (see \1.3.4\ . 

1. We have the isomorphism of coherent F-D^, ('Z')iq-modules, 0^' (^Z')q-coherent: 

( + Z')(/?*(£)) /* Z , Z (£( + Z)), (2.3.9.1) 
where the first (resp. second) inverse image is defined in \1.3.3\ ( resp. \2.3.8[ . 

2. Suppose that there exists a lifting f : X' — > X of fo which induces a lifting f # : (X', Z 1 ) — > (X, Z) off*. Then, 
we have the isomorphism of coherent D^^Z^q-modules, %i Z')q-coherent: 

Cz')(f # *(J)) f z ,^Z)). (2.3.9.2) 

Proof. The sheaf /**(£) is a coherent F-D'^ x , z ,^ ^-module, locally projective of finite type over O^ q. By both 
Kedlaya's fully faithfulness theorems |Keda 6.4.5] and |Kedb 4.2.1], it is sufficient to check the isomorphism ^. 3. 9TT1 
outside Z', which is obvious. Using [L3.5.1l the isomorphism ^ . 3 . 931 becomes straightforward. □ 

Remarks 2.3.10. In the proof of 12. 3.9.11 we use the Frobenius structure (more precisely, the second Kedlaya's fully 
faithfulness theorem, i.e., MKedbl 4.2.1], needs a Frobenius structure). But, the isomorphism 12 . 3.97TI should be true 
without a Frobenius structure on £. This check is technical (we have to paste local isomorphisms) and we avoid it 
because this is not really useful in this paper. 

2.3.11 (log-relative duality isomorphism). We recall in this paragraph the isomorphism [Car07a, 5.25.2] and give a 
version of this. This isomorphism will be essential in the next theorem. Let X be a smooth formal V-scheme, Z a 
strict normal crossing divisors of X, X # :— (X, Z) the induced smooth logarithmic formal V-scheme, u : X # — > X the 
canonical morphism. Let £ be a coherent D # -module which is a locally projective Oj^Q-module of finite type. 
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It follows from IICar07al 5.25.2] that J} x o u+(E) u + o B X #(E(Z)) (see the notation [LZ9l By [Car07al 5.22], 
B X #(E(Z)) ^ (£(Z)) V £ V (-Z). Then: 

Dio« + (£) -^-> M+ (£ v (-Z)). (2.3.11.1) 

Theorem 2.3.12. Lef X be a smooth formal V-scheme, Z a strict normal crossing divisors of X, X # := (X, Z) f/ze 
induced smooth formal V-scheme, u : X # — > X f/ie canonical morphism. Let £ be a coherent -module which is 
a locally projective QxQ-module of finite type satisfying the following condition: 

(c) none of elements o/Exp(£) gr (see f/ze definition in \1.1.3\ is a p-adic Liouville number. 

Then w+(£) is overholonomic. 

Proof. Let r > — 1, « > be two integers and let us consider the next properties: 

(P n ,r) If dimX < n then w+(£) is r-overholonomic ; 
(Gn,r) If dimX < « then Rr^w+Cfi) is r-overholonomic ; 
(/? B ,r) If dimX < n then £('Z) is r-overholonomic. 

(I) First, for any n > I, r > —I, we check that (P n -i, r ) (Qn,r)- 
1° i/ow to wse f/ie case \2.3^ of affine spaces. 

Let . . . ,$)„ be the coordinate hyperplanes of SpfV{?i, . . . ,t n }, Sj := Sji U ■ ■ ■ U fi r for some r < n, Ay := 
Spf V{fi, . ..,?„} and Aljf := (Spf V{fi, . . . ,f n },Jo). Since r-overholonomicity in local in X, similarly to the first step of 
the proof of theorem ^. 2. 91 we come down to the case where there exists a commutative diagram of the form: 

X ^=^= X »- A$ 

U V W 

(X, Z) ^— (X, Z") , 

where /j is a finite etale morphism, Z" := h (Sj) and where w, v, m are the canonical induced morphisms. More- 
over, denote by X #/ := (X, Z") and Z' the union of the irreducible components of Z" which are not an irreducible 
component of Z. 

2° Wr} H w+h # + (£) is r-overholonomic. 

The case where r = — 1 is already known from 12.3.61 Suppose now r > 0. We notice (for example see !2.2.5l > that 
£ is also a coherent T> ^-module which is a locally projective ^.Q-module of finite type. Since h is finite and 

etale, h # + (E) is a coherent 2)~„# -module which is a locally projective 0a» Q-module of finite type and such that the 

condition (c) holds (see II . 1 .3~l2l . Hence, by |2.3.4l KT} H w+h # + (E) is smoothly devissable in partially overconvergent 
isocrystals. Also, in the proof of 12.3.41 (see I2.3.4~2l i and with its notation, we have checked that i\w+fA_(E) is iso- 
morphic to the image by Wi+ of a complex of coherent # -module which are locally projective O^Q-modules of 

finite type satisfying the condition (c) bv ll. 1.211 The hypothesis (P„-i. r ) implies that i\w + h # + (£) is r-overholonomic. 
Then ii+i^w+Zi* (£) RTj^w+ft* (£) is r-overholonomic. Symmetrically, we obtain for any i= l,...,r that 
Mrj^ .w+h\ (£) is r-overholonomic. Using Mayer- Vietoris exact triangles and the stability of r-overholonomicity by 
local cohomological functors, this implies that Kr^w+Zj* (£) is r-overholonomic. 

3° Z')WT^ z u+(E) is r-overholonomic. 

We have: fc + (ffiI^„v + (£)) «^ H h + v+{E) MT^w+h*. (£) (see MCar04l 2.2.18.2] for the first isomorphism 
and ll.2.6TT1 for the second one). Then, by 12.3.71 Kr_2/,V-|-(£) is r-overholonomic. We have checked in the proof of 
12.2.91 that K_|-(£(tZ')) -^-» v + (£). This implies RLj,,, ( T Z')« + (£) is r-overholonomic. Using a Mayer- Vietoris exact 
triangle (similarly to !2.2.3.U . we obtain WT} z „( f Z')u + (E) MT^^Z')u+(E). 
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Using the exact triangle of localization of R.T z m + (£) with respect to Z', we come down to prove Rr z , nz M + (£) is 
r-overholonomic, which is the last step of the proof of (I). 
4° Rr_ z , nz «+(£) is r-overholonomic. 

When Z D Z' is empty, this is obvious. It remains to deal with the case where Z n Z' is not empty. Let x be a closed 
point of ZflZ', Zi , . . . , Z r be the irreducible components of Z containing x, Z r +i, ... , Z s be the irreducible components 
of Z' containing x. Since Rr_ z / nz M+(£) is zero outside ZflZ', it is sufficient to prove its nullity around x. Then, we 
can suppose that Z = Z\ U • • • U Z r and Z' = Z r+ \ U • • • U Z s . 

Let / a subset of {r+ 1, ... ,s}, X' := n ie/ Z,-, X' # := (£',£' PI Z), l : X' ► X, i # : X' # X # , u' : X' # -> X' be the 
canonical morphisms. Then, WrJ x , nz it+{£) Rr z i + i ! « + (£) ^^ ^ RtIi+m 7 , l #! (£) l+Rr znx ,i/ + i #! (£). From 

(•Pb-1/)> we g et that Kr znx ,i<' + 1 #! (£) is r-overholonomic. Hence, using the stability of the r-overholonomicity under 
the direct image by a proper morphism, KT^ x , nz u + (£.) is also r-overholonomic. Using Mayer- Vietoris exact triangles, 
we get that if X" is the union of some intersections of some irreducible components of Z' then M~^,, z « + (£) is 
r-overholonomic. In particular, Mr_ z , nz M + (£) is r-overholonomic. 

(II) . We prove (P n ,r-\) + {Qn,r) => {R„. r ) forany n > 0, r > 0. 

We suppose r = (resp. r > 1) By 12.3.9.21 it is sufficient to prove that for any divisor D of X, £( T ZUD) is 
T> x ^-coherent (resp. Dje(£( T Z UO)) is r — 1-overholonomic). Using de Jong's desingularization theorem ([dJ96 1), 
there exist a proper smooth morphism / : V — > X of smooth formal V-schemes, a smooth scheme X' over k, a closed 
immersion Iq : X' <—> 7', a projective, surjective, generically finite and etale morphism oq : X' — > X such that oq = /o % 
and Z" := «q '(ZUD) is a strict normal crossing divisor of X'. Since £(^ZUD) is associated to an isocrystal on 
X\(ZUD) overconvergent along ZUD (i.e., is a coherent 2)^(^ZLJD)Q-modules, 0^(^ZUZ3)Q-coherent), by [iCar06a 
6.1.4] and HCar06al 6.3.1] £( + ZUD) is a direct factor of / + Mr£,/ ! (£( t ZUD)). Since r- 1 -overholonomocity is stable 
under direct image by a proper morphism (resp. and furthermore since / + commutes with D^), it remains to prove 
that Er^,/ ! (£( t ZUD)) is D^, Q -coherent (resp. B x oW? xl o/ ! (£(tZUD)) is r - 1-overholonomic). This is local 
in f . Then, we can suppose that there exists a lifting i' : X' 5" of x' and that Z" lifts to a relatively strict normal 
crossing divisor Z" of X' over V. We pose a = f oi' and denote by m' : (X', Z") — > X' and a # : (X', Z") — > (X, Z) the 
canonical morphisms. 

By MBer02l 4.4.5], Rr^/ ! (£( f Z U D)) -^-> i' + i' ! / ! (£( t ZUD)) x' + a- (£(+Z U £>)). Then, we come down 
to prove that fl ! (£( f ZUD)) = a*(£(tZU£>)) (by flatness) is D^, ^-coherent (resp. D x a*(£( + Z U D)) is r- 1- 
overholonomic). We have a*(£( t ZUD)) -^-> ( + Z") oa*(£( t Z)) a*„ z (£( + Z)). We get from r2.3.9.2l the following 
isomorphism: a z „ Z (£(^Z)) (^Z")(a # *(£)). Thus, it remains to prove that (^Z")(a # *(£)) is D^, ^-coherent (resp. 
Bje o (tZ")(a (£)) is r — 1-overholonomic). We check this separately: 

Non respective case. By (Q„.o), since a # *(£) satisfies the condition (c) (see ll . 1 .3TTb . the morphism RT z ,,H+(a # *(£)) 
is overcoherent. By |1.3.9.Tl using the exact triangle of localization of u' + {a (£)) with respect to Z", this implies that 
<?Z"){a**{£.)) is Dg, ^-coherent. 

Respective case. By applying the functor 0)% to the exact triangle of localization of u' + (a # *(E)) with respect 
to Z" (see 11.3.9.11 , we get B x o ( + Z")(a # *(£)) = Cone (d* o m' + (a # *(£)) -v ©a; o Rr_ z „ o M ' + (a # *(£))) [-1]. Since 
a # *(£) satisfies the condition (c) (see ll. 1.3"TTT >, using (Q n>r ) hypothesis, we get that oRr z „ oi<' + (a # *(£)) is r — 1- 
overholonomic. Also, the log-relative duality isomorphism of l2.3. lTTTl gives: ID^ o u' + (a # * (£)) «' + ((a # *(£)) v (-Z")). 
Since (a (£)) v (— Z") satisfies also the condition (c) (see 11.1. 3TTT > of our theorem, using (P n , r -i) we obtain that 
w+((a # *(£)) v (-Z")) is r- 1-overholonomic. Hence, B x o ( t Z")(a**(£)) is r- 1-overholonomic. 

(III) . Conclusion. 

For any « > 0, we know that (P n ,-i) is true. Also, for any r > — 1, (Po.r) is already known (see QCar05al 7.3]). 

We get from the two previous steps that, for any r > and n > 1, (P„, r -i) + (P n -i.r) =>• (Qn,r) + (Rn.r)- Using the 
exact triangle of localization of w+(£) with respect to Z we get (Qn,r) + (Rn.r) =>■ (Pn,r)- Thus, (P„.,--i) + (P n -\, r ) => 
(P„,r)- This implies that (P„. r ) is true for any r > — 1 and n > 0. □ 
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Remarks 2.3.13. We have used in (the step (II) of) the proof of 12 . 3 . 1 2l the stability of the condition (c) by inverse image 
and above all by the functor £ £ v (— Z). Since condition (b') of ll.3.6l is not stable by the functor £ i— > £ v (— Z), we 
do need the strong version of theorem ri.l.ll and proposition ! 1.1.211 

Theorem 2.3.14. Let f be a separated smooth formal scheme over V, T a divisor ofP, X a closed smooth subscheme 
such that Z :— T P\X is a divisor of X, Y : — X \ Z. Let E be an F -isocrystal on Y overconvergent along Z. Then 
sp x ^rp T ,(E) is overholonomic. 

Proof. Since E admits a semi-stable reduction (see l2.1.3"T >. there exists a commutative diagram of the form: 

Y> ^X'^^y (2.3.14.1) 

y — ^x — cp, 

such that / is a proper smooth morphism of smooth formal V-schemes, the left square is cartesian, X' is a smooth 
scheme over k, l' Q is a closed immersion, «o is a projective, surjective, generically finite and etale morphism, a^ 1 (Z) is 
a strict normal crossing divisor of X 1 and the F-isocrystal Oq(E) on Y' overconvergent along Oq 1 (Z) is log-extendable 
onX'. We pose £ := sp x ^3>,T,+ ( E )- We have k E|.,/-.(£) -^-> sp z ,^ r f - l[T) t+ (a* Q (E)). By flCar06al 6.1.4]), £ G 
F-Isoc n (7, T,X/K). ThenbylCar06aJ 6.3.1] , we check that £ is a direct factor of fr.+^Vx'^v' f~ l (T) + ( a o(E))- Since 
the overholonomicity is stable under direct image by a proper morphism, it is sufficient to prove that sp x i^ v i f-irr) + ( a o( E )) 
is overholonomic. This last statement is local in CP'. Then, we can suppose that there exists a lifting l' : X' > CP' 
of Iq and that ajj" '(Z) lifts to a strict normal crossing divisor Z' of X' over §. Then, sp x ,^rp, /-'(r) +( fl o(^)) 
l^sp^aj^.E)), where sp : — > X' is the specialization morphism of X'. It remains to check that sp^a^E)) is over- 
holonomic. But since Oq(E) is an F-isocrystal on Y' overconvergent along a (j 1 (Z) which is log-extendable on X', it 
follows from |2.3.T2l that sp^(Oq(E)) is overholonomic. 

□ 

The following theorem answers partially positively to the conjecture [Car07b, 3.2.25.1]: 

Theorem 2.3.15. Let Y be a smooth separated scheme of finite type over k. Let E be an overconvergent F-isocrystal 
on Y. Then sp Y+ (E) is an overholonomic arithmetic Dy -module (see HCar04\ 3.2.10]), where sp Y + '. F -Isoc^ (Y /K) = 
F-Isoc^ (Y /K) is the canonical equivalence from the category of overconvergent F -isocrystals on Y into the category 
of overcoherent F -isocrystals on Y (see [Car07b 2.3.1]). 

Proof. The theorem is local in Y. We can suppose Y affine and then that there exists an immersion of Y into in proper 
smooth formal V-scheme CP, a divisor T of P such that Y = X \ T where X is the closure of Y in P. Let Z :=XDT and 

£ := sp F+ (£) 6 F-lsoc n (Y/K) = F '-Isoc 11 '(?, T,X/K) (notation of MCar06al 6.2.1] and IICar07bl 2.2.4]). 

Using de Jong's desingularization, we come down to the case where X is smooth (similarly to the proof of !2. 3.141 ). 
which was already checked in l2.3.14l □ 

Theorem 2.3.16. Let CP be a proper smooth formal scheme over V,T a divisor of P, £ G F-D^D^T^q). Then the 
following assertion are equivalent: 

1. The F -complex £ is C0y(^ T)q-overcoherent; 

2. The F -complex £ is Dip ^-overcoherent; 

3. The F -complex £ is overholonomic; 

4. The F -complex £ is devissable in overconvergent F -isocrystals. 

Proof. By ||Car07bl 3.1.2], if £ is F-COy( + r)Q-overcoherent then there exists a devissage of £ in overconvergent 
F-isocrystals. By 12.3.151 if there exists a devissage of £ in overconvergent F-isocrystals then £ is overholonomic. 
Finally, it is obvious that if £ is overholonomic then £ is CO ^ Q-overcoherent and that if £ is CDy Q-overcoherent then 

£ is COy( + r)Q-overcoherent. □ 
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We end this section with the following consequences of 12 . 3 . 1 6l explained respectively in [Car07b, 3.2.26.1] and 
HCar07cl 5.81: 

Corollary 2.3.17. Let 7 be a proper smooth formal scheme over V, T a divisor ofP, Y a subscheme of P. 

1. We have an equivalence between the category of quasi-coherent F -complexes devissable in overconvergent F- 
isocrystals and the category of coherent F -complexes devissable in overconvergent F-isocrystals, i.e., 

F-LDl Aev (^ { ;\T))^F-Dl v (%CTh). 

2. Denoting by F-D b vhol (T>Y), the category of overholonomic F -complexes of arithmetic T) r -modules, we get a 
canonical tensor product: 

-® + 0r - : F-D b ovh JV Y )xF-D b ovh JV Y )^F-D b ovhol (^Y). (2.3.17.1) 

2.4 Some precisions for the case of curves 

In this section, i : Z X is a closed immersion of separated smooth formal V-schemes such that dimX = 1 and Z is a 
divisor of X. Let y := X\Z, X # := (X, Z), u : X # ^X,/: X — > § be the canonical morphisms and/* :=fou : X # ^S. 
The next theorem is slightly better for curves than |2.2.9l because we have another divisor D. 

Proposition 2.4.1. Let D be a divisor of X, £ be a coherent D ^ # (^ D)q-module which is a locally projective Gx( D)q- 
module of finite type. Suppose that £ satisfies the conditions (a) and (b') (see \1.3.6]l . then the canonical morphism p : 
ud+{E) — > £( Z) (see \1.3.8ty is an isomorphism. 

Proof. By 11.3.9.11 this is equivalent to check that IT?, o m + (£) = 0. By applying the functor / + to the localization 
triangle of mq + (£) with respect to Z we get : 

/+ o Rr^ o u+ (£) — » /+ o u+ (£) ^ /+ (£ ( + Z) ) — > /+ o WT? Z o u+ (£) [1 ] . (2.4. 1.1) 

Following |1.3.12l the morphism f + om + (£) — > / + (£(tZ)) is an isomorphism. Then, by |2.4.1.n / + oM^om + (£) = 0. 
Furthermore, since Rr^ i+oi' (by [Ber02, 4.4.5]), we get (/o/) + o/ ! om + (£) f + oMT^ou + (E) = 0. Because 
foiis finite and etale, by |2.2.8l this implies r o u + (E) = and then Kr^ ° «+(£) =0. □ 

Remarks 2.4.2. Even if the assertions look different, the proof of 12.4. H is the same as that of [Car06b, 2.3.2]: here the 
coherent Q-module is m+(£) and we have replaced the finiteness theorem of rigid cohomology (this requires the 
properness of X and a Frobenius structure) bv ll. 3.121 

The following theorem extends [Car06b, 2.3] (e.g., notice that here X does not need to be proper). 
Theorem 2.4.3. Let £ € F-D^^D^ q). The following assertions are equivalent: 

1. For any closed point x ofX, for any lifting i x of the canonical closed immersion induced by x, the cohomological 
spaces ofi' x (E) have finite dimension as K-vector spaces. 

2. For any divisor T ofX, the complex E(jT) belongs to F-D^^CD^ q). 

3. The complex £ is holonomic. 

4. The complex £ is smoothly devissable in partially overconvergent F-isocrystals. 

5. The complex £ is T> x Q-overcoherent. 

6. The complex £ is overholonomic. 
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Proof. To check the equivalence between the three first assertions, we have only to rewrite the proof of [Car06b 2.3.3] 
where we replace HCar06bl 2.3.2] by |2.3.14l 

Proof of [T1=>r"4l suppose £ satisfies Q] By [Car06b, 2.2.17], there exists a divisor Z of X such that £( Z) is an 
isocrystal on X \ Z overconvergent along Z. Let i : Z e — > X be a lifting of the Z C X. Then, by hypothesis, r(£) is 
Oz,Q-coherent. Hence £ is smoothly devissable in partially overconvergent F-isocrystals. The implication[4]=>[6]is a 
consequence of [273 . 1 41 Finally. l6l=> 151 =>TT1 are obvious. □ 

For curves the following statement answers positively to Berthelot's conjecture of [Ber02 5.3.6.D] in the case of 
curves: 

Theorem 2.4.4. Let £ E F '-D^ oh (D^.(^ Z)q) whose restriction on y is a holonomic F-Dy ^-module. Then £ is a 
holonomic F-D% ^-module. 

Proof. Replacing HCar06bl 4.3.4] by |2.3.14l and MCar06bl 2.3.3] by |2A3l it is sufficient to rewrite the proof of IICar06bl 
4.3.5]. □ 

Remarks 2.4.5. This Berthelot's conjecture above (of [Ber02 5.3.6.D]) leads to Berthelot's conjecture on the stability 
of the holonomicity under inverse image. This latter conjecture, following [Car05a], implies that holonomicity equals 
overholonomicity. 
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